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Foreword

Mathematical systems theory is a widely used tool in todays engineering
practice. Devices are commonly expressed in systems of linear ordinary dif-
ferential equations and their properties and behaviour is addressed in the
language of this theory. In this setting the eigenvalues of the matrix describ-
ing the system of equations ultimately define the properties of the system of
interest. Usually the task of controlling a system is to change it in such a
way that it attains some desired properties such as stability.

This work is concerned with one approach to control a system using Linear
Quadratic Control. The control is a linear feedback of the system state and
furthermore, satisfies a quadratic optimality constraint.

After a short introduction to the concepts and definitions used in mathe-
matical systems theory, Chapter 2 gives a result on the influences of certain
perturbations of the optimality condition on the resulting systems behaviour.
Chapter 3 develops a pole-placement theorem for one dimensional input sys-
tems and Chapter 4 introduces an algorithm to accomplish the same for multi
dimensional input systems. The last chapter contains examples showing the
various results of this work.

This master thesis was developed to a great extend during my stay in Ams-
terdam in autumn 1998. While attending two lectures about mathematical
systems theory, I was lucky to work with Prof. Ran from the Free University
on the results presented in this work. During the spring and summer of 1999
the actual thesis was written under the supervision of Prof. Langer.

I enjoyed my stay in Amsterdam in many ways and had a very good time.
Not only the city of Amsterdam itself was of interest, I also found a number
of new friends with whom I hope to spend a lot more time in the years to
come.

I would like to thank Prof. Langer for making my stay in Amsterdam possible
and provide me with his experience during his supervision. Then Prof. Ran
who introduced me to the subject and to mathematical research in general.
He was a very good supervisor and friend who helped me through a lot of dark
spots during the development of this work. Also to my friends in Amsterdam
who usually provided me with a lot of distraction and good companionship
after having worked too much. Finally I'm very grateful to my family who
at all times supported my interests in mathematics and enabled me to reach
this point.
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1 Introduction

We will consider linear quadratic control problems. Such problems are com-
posed of a system of linear differential equations together with a quadratic
cost function. The aim of such a problem is to find an optimal control func-
tion such that the cost function is minimized for this control. To start we
need some definitions and results from mathematical systems theory. A fairly
complete discussion of these topics can be found in [4].

1.1 Linear Systems

Definition.

1. A linear continous-time time-invariant system ¥ = (A, B) consists of
the matrices A € K" and B € K"*™, where K is the field C or R,
and the equation

%(t) = Az(t) + Bu(t) for t € R. (1.1)

2. A linear continous-time time-invariant system ¥ = (A, B,C, D) with
output consists of a system Yy = (A, B) and the matrices C' € KP*"
and D € KP*" where K is the field C or R, and the equation

y(t) = Cx(t) + Du(t) for t € R. (1.2)
The function y(t) is called the output of the system .

Remark 1.1. The system equation (1.1) defines a map

¢_{RxRxK”x0(Km)—>K”

(7_7 0,0, ’LL) — ZU(T, 0, Xo, U,)

where x(7; 0, x¢, u) is the solution of the differential equation (1.1) with initial
value xy = (o) evaluated at time 7. This map is called the transition map.
The system with output defines a map h : R x K" — KP? by (1.2), the so
called measurement map. We will also write y(7; 0, zo, u) to denote the value
of this map. The variation of constants formula gives

T

o(1; 0,20, u) = T g +/ "4 Bu(s)ds

o

for the transition map and likewise for the measurement map.
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If m = 1 we call the system single input, if p = 1 single output. The elements
u(t) € C(K™) are called controls. Throughout the following we are only
interested in real matrices and thus we will write R instead of the general field
K. Furthermore we assume without loss of generality that the system will
always start at time o = 0 and therefore o will be omitted in the following.
This can be done because of the time-invariance of the system.

Definition. A system ¥ = (A, B) is said to be in control canonical form, if
the matrices A and B have the following form :

A A oL Ay, by 0 ... 00
A A A, 00...50...
where the blocks A;; have the form
00...0 01...0
0= g | PriFimia=] ]

and the blocks b are vectors of the form

0

The dimensions k; of the vectors by are called controllability indices. They
are uniquely determined by (A, B).

Remark 1.2. For any controllable pair of matrices (A, B), there exists an
invertible matrix T, such that A = T'AT, B = T~'B are in control canon-
ical form. In the single input case A takes the form

01...0
ol R

0 0 ... 1

a1 Qg ... Op

and \"* — a, \" 1 — ... — ap\ — oy is the characteristic polynomial of A.
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1.1.1 Controllability and Observability

Definition.

1. A system ¥ = (A, B) is called controllable, if for all zy and z; € R,
there exists a control u(t) such that the solution to (1.1) with initial
state xo assumes the value x; for some ¢t > 0.

2. A system with output ¥ = (A4, B,C, D) is called observable, if for all
pairs of initial values xg, z1, o # 1, there exists a control u(t) such
that for some time ¢ > 0 the relation y(; o, u) # y(t; x1, u) holds.

The following theorem gives a characterization of controllable and observable
systems in terms of their matrices. A development of the theory and the proof
can be found in [4].

Theorem 1.3.
(1) The system ¥ = (A, B) is controllable, if and only if
rank(B, AB,... , A" 'B) =n
holds. The pair (A, B) is then also called controllable.
(ii) The system with output ¥ = (A, B,C, D) is observable, if and only if

C
CA

rank ] =n.
CAnfl

holds. The pair (A, C) is then also called observable. This is equivalent
to (A*,C*) being controllable.

There are some other characterizations of controllable pairs of matrices. The
next theorem gives some equivalent conditions. The proofs can be found in
[4].

Theorem 1.4. Let A € R**" and B € R**™. Then the following statements
are equivalent.

(i) (A, B) is controllable,
(ii) rank(A — M, B) = n for each A € C,
(iii) rank(A — AI, B) = n for each eigenvalue A of A.
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1.1.2 Stability and Feedback Control

The differential equation
T = Az,

where A € R™*", is called asymptotically stable, if for all initial values
zo = z(0)

lim z(t) =0

t— 00
holds. This is equivalent to the fact that all eigenvalues of A are in the open
left half of the complex plane. Furthermore, we can think of such an equation
as a system ¥ = (A) without input.

For a system ¥ = (A4, B), we are looking at a special kind of control. We are
interested in a linear constant feedback control u(t) of the form u(t) = Fx(t),
where F' € R™*™. This is called feedback control, because the state of the
system itself is used to compute the control. In such a case we also speak of
a closed loop system.

The system Y then becomes a system without input and with the system
matrix A + BF. It is asymptotically stable, if the eigenvalues of A + BF
are in the open left half plane. The following theorem states that the matrix
A+ BF can achieve any set of eigenvalues under certain conditions.

Theorem 1.5 (Pole-Shifting Theorem). The pair (A, B) is controllable,
if and only if, for each set of complex numbers A\i,...,\,, there exists a
matriz F € R™ "™ such that the eigenvalues of A + BF are ezxactly the
numbers Ai, ..., Ap.

Hence, for a controllable system it is possible to achieve any asymptotic
behaviour with a linear constant feedback control. This method is also called
pole-placement.

1.1.3 Linear Quadratic Control

This section is concerned with linear constant feedback controls under other
constraints than pole-placement. We want to find a control that results in a
asymptotically stable system and in addition meets a minimality condition.

Let ¥ = (A, B) be a system without output. Then we associate with it the
quadratic cost function

T (0, 10) = /0 " () Ru(t) + 2()* Qa(8))dt.
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where () € R"*" is a positive semidefinite and R € R™*™ is a positive definite

matrix. The cost function is evaluated for an initial value xy, and a control
u(t). It may be infinite.

The general problem of the linear quadratic control is to find a linear constant
feedback u(t) = Fx(t), such that J(x,u) is minimized. The solution to
this problem is given by the following theorem, the proof of which can be
found in [4], Theorem 31 :

Theorem 1.6. Let the system
t(t) = Az(t) + Bu(t),

and the quadratic cost function be defined by QQ and R as above. Furthermore
let (A, B) be controllable and (A, Q) observable. Then for each xy € R there
exists a unique optimal control, given by

u(t) = —R™'B*X, (1.3)
where X 1s the stabilizing solution of the algebraic Riccati equation

XBR'B*X - XA-A*X-Q=0. (1.4)

A solution X of the Riccati equation (1.4) is called stabilizing, if the resulting
closed loop system given by the control (1.3) is stable. That is, if the so-
called closed loop system matrix A — BR™'B*X has only eigenvalues in the
open left half plane. Under the assumptions of the theorem this solution is
unique.

To a given system a certain pair of matrices ),R assigns a unique control
function that yields a stable system matrix of the resulting closed loop sys-
tem. However, we do not have information about the quality of the stability
of this system. That is, the eigenvalues of the system can be close to the
imaginary line leading to poor decay of solutions of the closed loop system,
or have large imaginary part leading to large oscillations in the solutions.

The question we want to consider is, how can we influence the stability
properties of the closed loop system, by changing or choosing appropriate
matrices () and R.

We will need some tools to tackle this problem. In the following sections we
will introduce these tools.
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1.1.4 The Hamiltonian

To solve the optimal feedback problem, one has to solve the algebraic Riccati
equation (1.4). One way is by solving an eigenvalue problem. A complete
development of these results can be found in [4].

Definition. A real matrix H of size 2n is called a Hamiltonian matriz, if
and only if

H'J+JH=0, where J= (?_0[>

Here [ is the n-dimensional identity matrix.

The eigenvalues of a Hamiltonian matrix H are distributed symmetrically
with respect to the imaginary axis.

Associated to the quadratic control problem as defined in Section 1.1.3, we
introduce the Hamiltonian matrix

A —BR'B*
ne (4B

It is well known, that under the assumptions that (A, B) is controllable
and (@, A) is observable, the subspace of C*" spanned by eigenvectors and
generalized eigenvectors of H corresponding to its eigenvalues in the open
left half plane is of the form
I
M =Im < X) ,

where X is the stabilizing solution of the algebraic Riccati equation (1.4).

Furthermore, the restriction of H to M is similar to the closed loop system
matrix A — BR™'B*X. Hence, the stable eigenvalues of the Hamiltonian H
are exactly the eigenvalues of the closed loop system.

1.2 Realization Theory

Realization Theory is an important cornerstone of mathematical systems
theory. However, we will only need a particular application of it related to
matrix valued rational functions. The following definitions and results are
taken from [6] for rational functions.
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Definition. A function r : D — K"*™, where D C K, is called rational, if
the functions r;; for the elements are rational functions. The field K can be
R or C. A rational matrix valued function is called proper, if limy o0 7())
exists.

Definition. Let r(\) be a real rational function with values in R™*™. A
quadruple ® = (A4, B,C, D) of matrices, where A € R?™*Y, B € R”"™ C €
R**4 and D € R"*™, is called a realization of r(\), if

r(A) =D+ C(A — A)™'B. (1.5)

A realization is called controllable if (A, B) is controllable and observable if
(A,C) is observable. The dimension of the square matrix A is called the
state space dimension.

A realization of a fixed rational function is not unique. Two realizations
¢ = (A,B,C,D) and ®; = (Ay, By, Cy, Dy) are called similar, if D = Dy,
the state space dimensions of ® and ®; are equal to n, and there exists an
invertible transformation S € R**" such that the relations

A=SA4,S"', B=SB,, C=C,S7!

hold.

Furthermore ® is called a dilation of ®;, or ®; is called a reduction of ®,
if D = D, and for suitable matrices Ay, A3, A4, A5, Ag, Bo, Cs, the following
equalities hold

A2 A3 A4 BZ
A: 0 A1A5 ,B: Bl ,02(00102)
0 0 Ag 0

The following theorems give some results about realizations of rational func-
tions and when we can expect them to be controllable and observable.

A system @ and its reduction ®; realize the same rational matrix valued
function r(A), as the following calculation shows. Assume ® to be given as
above. Then it realizes the function

-1

A2A3A4 32
r(A)=D+(0C; Co) [ M — | 0 A A; B,
0 0 Ag 0
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Computing the inverse gives

(A — Ay) ™" A A, B,
r(A) =D+ (0Cy Cy) 0 (A —A)™H A B
0 0 (AT — Ag) 0

= D + Cl ()\I - Al)_l Bl;

for some matrices A;, A, and As. The last line is the rational matrix valued
function realized by the reduction ®;.

Theorem 1.7. A proper rational matriz valued function r(\) allows a real-
ization. Furthermore, if (A, B,C, D) is a realization of r(\), then

lim r(\) = D.

[A|—= o0

Theorem 1.8. Two controllable and observable realizations of the same ra-
tional matriz valued function are similar and the corresponding transforma-
tion 1s unique.

A realization ® is called minimal, if all realizations of the same rational
matrix valued function have state space dimension greater than or equal to
the state space dimension of P.

Theorem 1.9. A realization is minimal, if and only if it is controllable and
observable.

1.2.1 A Realization using the Hamiltonian

Let be given a linear quadratic control problem with the system ¥ = (A, B)
and the cost function matrices R and (). Furthermore we suppose that the
assumptions of Theorem 1.6 hold. Then we introduce the rational matrix
valued function

Z()\):R+(OB*)<)\I—<_AQ _%))1(?) (1.6)
—1- B\ + 4% 'Q(\ - A) 'B.

and consider some properties of it. A short calculation establishes its inverse
to be the following function

ZA)'=RT"-R"(0B") (M— <_AQ _B_R;B*»_l (ﬁ) R~
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If the realization (1.6) is minimal, then also the realization of the inverse
function Z(A)™! is minimal. The poles of this inverse function are exactly
the eigenvalues of the Hamiltonian H which is associated with the given
problem. These poles are by definition the zeros of the function Z(\) given
by (1.6).

Under the assumption that o(H)No(A) = () the realization in (1.6) is mini-
mal. Indeed, assume that (H, (0, B*)) is not observable, which is equivalent
to (H*, (0, B*)*) not controllable. Then, by Theorem 1.4,

. 0
rank <H — Aol <B>> =n

for some eigenvalue \g of H*. Observe that then ), is an eigenvalue of H.
Hence, there exists a row vector (z*,y*) such that

(", y") <H WS <g)> 0.

This leads to y*B = 0 and furthermore to z*A* = z*),. Thus )y is an
eigenvalue of A. Since )y is also an eigenvalue of H by assumption, this
leads to a contradiction to o(H)No(A) = 0. Thus (H, (0 B*)) is observable.
But then the realization is also controllable, since

e (1121, ()) =
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2 Perturbations of the Cost Function

2.1 General Assumptions

From now on we will always consider a linear quadratic control problem,
where the system is given in control canonical form and the cost function
matrix R is the identity matrix. We can assume this without loss of generality
because of the following calculation.

Assume a system ¥ = (A, B) with state space dimension n and input di-
mension m and the cost function matrices R > 0 and () > 0 is given. Then
there exists a positive matrix P > 0 such that R = P2. Then P is invertible
and we can transform the input space with P=!. Set A, = A, B, = BP~,
R, = P7'PPP~! =] and Q, = Q. Now we have a new linear quadratic
control problem.

The next step is to transform the pair (A4, B) to control canonical form. To
do so we need a state space similarity. From Remark 1.2 we know that
there exists an invertible transformation 7 such that 4, = T7'A,7 and
By, = T7'B, are in control canonical form. Set Q; = T*QT and Ry = R,.
Then we get a new system Yo = (Ay, By) in control canonical form, and with
the cost function matrices Ry = I and Q2 > 0.

Now we assume that (A, B) is controllable and (A, Q) is observable. Then
also (Ag, By) and (Asg, @2) are controllable and observable respectively. So
we can apply Theorem 1.6 and find a stabilizing solution X5 to the Riccati
equation

XQBZRZ_IB;XQ - X2A2 - A;XQ - Q2 - 0

Substituting the transformations 7" and P into this equation yields the fol-
lowing Riccati equation
Xo,T'BP Y (P 'RP Y YT 'BP H)*X,
—XoT7'AT — (T7'AT)* Xy — TQT = 0.
By expanding the parenthesis and multiplying from the left with (7~')* and
from the right with T—! we get the following equation :
(T~ XoT'BR'BY (T XoT™ — (T7)* X,T7 A
AT DX, T ' —Q =0.

From this equation we see that X = (T')*X,7~! is a solution to the Riccati
equation associated with the original linear quadratic control problem.
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Because X, is the stabilizing solution, Ay — ByR; ' B3 X, is stable. Substi-
tuting the transformations 7" and P into this term and multiplying from the
left with T" and from the right with T=! yields

A—BR'B*(T ')*X,T '=A- BR 'B*X.

Since the last matrix was derived by a similarity transformation from Ay —
BoRy'Bi X, , it has the same eigenvalues as the latter one. Hence X is the
unique stabilizing solution to the Riccati equation of the original problem.

This shows that it is enough to investigate solutions of linear quadratic con-
trol problems, where the system is given in control canonical form and the
cost function matrix R is the identity matrix.

Furthermore we will also assume that the rank of B € R"*™ is equal to m
and hence m < n. To see this, assume (A, B) is given in control canonical
form. If the rank of B is less then m the system has the form

x':A:U+Bu:Ax+(BI 0) (Zl> = Ax + Byu;.

2

So we may assume from the beginning that B = B;.

2.2 Perturbations of the Cost Function

In this subsection we study the asymptotic behaviour of the solution of the
linear quadratic problem, abbreviated with L(Q problem, for a certain per-
turbation of the cost function (). This will be done for one dimensional input
systems.

We assume a controllable system ¥ = (A, B) where A € R*™*" and B € R**!.
The matrix @ of the cost function is a positive semi-definite matrix and R
is a positive real number, which we scale so that R = 1. Furthermore, by
Section 2.1 we can assume without loss of generality that the matrices are
given in the control canonical form

0 1 0 0
} 0
. 0 0
0 0 1 1
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We perturb () with a positive semi-definite matrix (); as

Qle) =Q+eQ,,e>0.

The perturbation matrix @, is chosen such that Q;BA7 = 0forj =0,... ,n—
2. A short calculation yields that the only non-zero entry in (); is the entry
in the left upper corner, which we choose to be 1, so that

10 ...0

00
Q1 =

0... 0

By Theorem 1.6, there exists an unique solution X to the Riccati equa-
tion, such that A — BB*X is stable and the cost function is minimized for
this feedback control. We are interested in the behaviour of the closed loop
eigenvalues for ¢ — oo. The closed loop eigenvalues are precisely the stable
eigenvalues of the Hamiltonian associated with the LQ problem. Hence we
investigate the behaviour of the eigenvalues of the perturbed Hamiltonian
H.. We will use the characteristic polynomial to do that.

2.2.1 The Characteristic Polynomial of the Hamiltonian

The Hamiltonian matrix H, associated with the perturbed problem takes the
following form

0 1 0 0 0 0
0

0 0 1 0 0

—ay —ay . —Qp1 a, 0O .0 -1

H, = —qi1—€ —qi2 - Q-1 — G 0 .0 o
-1 0 as

0 ) )
0 ap—1

—qin —qppn 0 ... 0 =1 a,
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The Hamiltonian of the original problem will be denoted by H. Furthermore,
we denote the characteristic polynomial of a matrix A by pa(\), where

pa(X) = det(A — \I) = |[A — All.

We can split up the determinant into a sum of two by splitting the first
column into the sum of two vectors. Thus the characteristic polynomial
of the perturbed Hamiltonian H, is the sum of the determinants of these
matrices:

0 1 0 0 0 0
-\ .
0
0 —A 1 0 0
0 —ay ... —an,_1 —a,— A 0 0 -1
AN =|H— M|+
pHE( ) | | —€ —q12 .- —fipn-1 —Qin —A ... 0 ap
0 -1 =X\ 0 as
. . . 0 . .
: —A Ap—1
0 —gno ... ¢ 0 ... 0 —1la,—A

Next we develop the second determinant with respect to the first column.
Then it becomes

1 0 0 0 0
0 0
) : —-A 1 0 0
(_1)n+ €l —ay ... —Qp_1 —Gp — A 0 ... 0 -1
_q272 Ce —QQ,n -1 =X 0 (5]
. . 0 . .
: -1 =X Ap—1
—Qn2 . QG 0 ... 0 =1a,—A

We develop the determinant further with respect to the first row, which in
turn yields a matrix where the first row has only one entry. By repeating
this calculation we can eliminate the left half of the matrix and arrive at the
following expression
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0 0 -1
-1 =X 0 a
(=1)"*te| 0 '
. -1 =X Ap—1
0 ... 0 —1a,—\

Now, following the same procedure with the columns we can reduce the
matrix to the scalar —1 in the upper right corner without changing the sign
of the determinant. Thus this term becomes (—1)"¢ and we can write the
characteristic polynomial of H. as

pua.(A) =pu(A) + (—1)".

The constant term of the characteristic polynomial of H is the product of
the eigenvalues of H which are distributed symmetrically with respect to the
imaginary axis. Denote the eigenvalues of H by \x, £k =1,...,2n. Thus the
constant term pg becomes

n n

po= 1M =112 = =0 TV

j=1 j=1

and has the same sign as the perturbation €. Thus we can write the charac-
teristic polynomial of the perturbed matrix as

pr.(A) = A 4 p,  N27D 4 (1) (p+ <) (2.1)

for some positive p = H?:1 |A\;|? and constants p;, ¢ = 1,...,n. The fact
that only powers of A\? appear in the polynomial follows from the symmetric
distribution of the eigenvalues of H. Note that for ¢ — oo the constant term
is always nonzero, thus for all positive € no eigenvalue is equal to zero.

2.2.2 Zeros of the Perturbed Polynomials

The following lemma describes the effect of the perturbation € on the zeros
of the perturbed polynomial.



2.2 Perturbations of the Cost Function 18

Lemma 2.1. For every real valued polynomial p(\) = A" + p,_\*(~1) 4

.4+ (=1)"po, po > 0 and every real 6 with 0 < § < 1 the following holds.

There exists a constant N such that for all py > N there is a one-to-one

correspondence between the zeros Ny of p(\) and the zeros (g of q(\) = \*" +

(—1)"po such that for corresponding zeros the relation |\, — (x| < R holds,
1

where R = pg" sin ().

Proof. We apply Rouche’s Theorem to show that in a certain disk around a
zero (i, of g (A\) there is exactly one zero of p ().

(2k+n+1)in

1
The zeros of ¢ () are (, =pi"e 2= . Fix R such that
R= 5 minlG - G|
= —-min|¢ — ¢l
2 i ’

The zeros ( are evenly distributed on a circle with center 0 and the minimum
is equal to the distance of two consecutive zeros.

(2k+n+1)ir

. L (ktntlyiz ir = . m
min |G — G| = [pol27 e 5|1 — o | = 2057 sin (-
So R = pg" sin (£-).
Fix a zero (i of ¢ (A). We compare |p(A) —¢ (A) | and |g (A) | on a circle with
center (; and radius 0R. For A on this circle, (x| — 0R < |A] < [(| + 0R

holds. Moreover the distance to the fixed zero (; is 0 R and to any other zero
it is less or equal to R. Hence, we can estimate |¢ () | as follows

lg(\) | = ﬁ A= G| > 6 (R)™ = pyd (sin (%))ZR

First we take py large enough so that on the circle with center (; and radius
dR there are no values A with |[A| < 1. This condition yields a lower bound
for po since

A > Gl — 6R = pg* — p3" sin (%) = pf" (1 — dsin (%))

The last term is greater than or equal to one, if

1
bo = = NI

(1 —dsin (%))2"

\%
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holds. We can estimate the modulus of the difference for |\| > 1 with the
following chain of inequalities.

n—1

PN =g (V)] = paci X7+ p X < NN g

=1
n—1 T n—1 nel n—1
< (6 + RN Il = (1+dsin (3-)) " mm Y Ind
=1 =1

Hence |[p (A) — ¢ (A) | < |g (A) | holds, if
AN (T
(1 + ¢ sin <%>) Do Zz; Ipi| < pod (sm (%)) )
This is true for
(1 +0sin ()" (S5 o)
o (sin (35))™"

The estimation of the modulus of the difference of the two polynomials re-
quires that |[A\| > 1, which is equal to py > N;. Set

Do > =: Ns. (2.2)

po > N := max{Ny, No}.

Then the last inequality is true for all A on the circle with center (; and
radius O R.

Now we apply Rouche’s Theorem and can conclude that p (A) has the same
number of zeros as ¢ (A\) in the circle with center (; and radius R. R was
chosen such that ¢ (\) has ( as its only zero in this circle and therefore p ()
has one zero there too. The zero (i of ¢ (A) was chosen arbitrarily, therefore
for py > N we have a bijective mapping between the zeros \; of p (A) and ¢
of ¢ (A\) such that |\ — (x| < R holds. O

Note that the first constant /Ny tends to 1 for 6 — 0, whereas the constant
Ny grows rather fast. So for small § or large py the second bound will be
important.

2.2.3 Asymptotics of the Eigenvalues of the Closed Loop System

We want to conclude with a Theorem giving more general information about
the behaviour of the closed loop eigenvalues.
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Theorem 2.2. Let ¥ = (A, B) be a controllable system with state space
dimension n and one dimensional input. Let ) be a positive semi-definite
matriz, let (A, Q) be observable and R = 1. Furthermore we assume without
loss of generality that ¥ s given in control canonical form. Perturb the
matriz ) with a matriz Q,(¢) that has the form

e 0 ...0

0 0
Qi(e) = |

0... 0

Let N\, k=0,...,n—1, be the eigenvalues of the closed loop system given
by the solution to the LQ) problem defined by ¥, R and Q + Q1(¢). Then for
all real values 6 with 0 < 6 < 1 and for € larger than some constant N, the
following statements hold.

(i) Denote by (x, k = 0,...,n — 1 the zeros of the polynomial \*" +
(=1)™(p + ) in the open left half plane. Then

lim |Gy — Ag| = 0
E—0OQ

for an appropriate numbering of the eigenvalues of the closed loop sys-
tem.

(ii) Define a by sin(a) = dsin(g-) and 0 > a > T. Furthermore, let
o] = o+ W”Z—;LI. Then all \;, are in the sector

{zeC||argz| <a}U{z||argz — 7| < ay}. (2.3)
(iii) The real parts of the eigenvalues of the closed loop system are bounded
by

C (1 + §sin (%)) < R(\) < —C'sin (%) (1-0),  (24)
where C' = (p + 5)i'

Proof. Let H. denote the Hamiltonian of the perturbed L(Q problem. By
Theorem 1.6 and Section 2.2 we have to study the eigenvalues of H.. Section
2.2.1 yields that (2.1) is the characteristic polynomial py_()) of H,.

Now we can apply Lemma 2.1 and can compare the zeros of the characteristic
polynomial (2.1) of H, with the polynomial g(\) = A** 4+ (=1)"(p +¢). We
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denote the zeros of py_(\) by A, and the zeros of ¢(\) by (). By Lemma 2.1,
the inequality

| Ak — el <5(p+6)%sin (%) =0R (2.5)

holds, for an appropriate numbering of the zeros and if p + ¢ is greater some
constant /N. The number p equals the modulus of the determinant of H, the
unperturbed Hamiltonian.

(i) Set
«
(p+e)2e sin(3)
where 1 > a > 0. Then the lower bound N, of equation (2.2) for (p + ¢)
becomes

S=

(p+e)

n—1
1+ —@ nlin )" Lo (e
( (p+5)21"> o < (p+e)m2n! (i |pz|)n
an (sin (35))"™" T an(sin(5)”
The last estimate holds for p +& > 1. Comparing the last term with p +¢,
yields a new lower bound N, for p 4 ¢ :

(p+e)»2" " (0 Ip))”

o (sin (37))™

ﬁh::

<(p+e)

and hence
n—1 n—1, nN\"
% 2 )
o (sin (37))

Using inequality (2.5) the distance between the two zeros is

<(p+e).

Ak — G| < a,

if p + ¢ is greater or equal to Nj~". Hence statement (i) holds.

1 (2k+n+1)iw

(i) Fix a zero ¢, = (p+¢)2» e 2= of ¢ () in the left half plane. Define
a by sina = dsin (£) and 0 < oo < 5. From (2.5) it follows that the zero
Ak 1s in the sector

2k+n+1)w
2n '

This can easily be deduced from some simple geometric considerations. Then
this sector is a subset of the sector (2.3). Thus all stable eigenvalues of H,
are in the sector (2.3).

arg z —

{z€C|a2
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(17i) The real part of a zero ¢, of ¢(\) is

RG) = o o) o <(2k o : W) = (p+ )% sin <W>

From (2.5) we get the following bounds for the real parts of the closed loop
eigenvalues A\, because they lie inside of circles around the numbers (j :

R(C) — R < R(A) < R(CG) + 6.

Substituting for 0 R and (. the left inequality becomes

sin (%71)”) ‘ ~ §sin (21)) < R(\)

n n

(p+e) <

and the right inequality becomes

sin (P57 [ hsin (7))

To find simultaneous bounds for all stable eigenvalues, we maximize the
upper bound and minimize the lower bound by looking at the zeros (.

R(he) < (p+2)% (

The lower bound is minimized by zeros closest to the real axis. For n even
these zeros are (anz and Cz, and the bound becomes

( +6)2L<cos(7r)+5s' (W))

— n — in{—]).

b 2n 2n

For n odd there is one zero CnT—l in the open left half plane that lies on the
real axis. The bound computes to

1 T
et (14000 (5).
(p+e) ( +0sin (o~
This value is smaller than the value for n even and thus yields the simulta-

neous bound.

The upper bound is maximized for zeros (; closest to the imaginary axis.
These are (y and (,_; and the upper bound has the value

™

— (p+¢e) sin (2—) (1-0).

n

These are the bounds of the strip (2.4). O
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3 Pole Placement for One Dimensional Input

In this section we prove a theorem for pole placement in the case of a system
with a one dimensional input. This theorem will yield a cost function matrix
2 which solves the pole placement problem when possible. Furthermore we
characterize all possible matrices () that solve the pole placement problem
for a fixed set of eigenvalues, if such a () exists.

3.1 Main Theorem

Throughout this chapter we will assume that ¥ = (A, B) is a controllable
system with one dimensional input and state space dimension n. The system
is given in control canonical form. The numbers a;, © = 1,...,n, denote
the elements of the last row of the system matrix A. The matrix R of the
cost function is R = (1). This can be assumed without loss of generality, see
Section 2.1. Then the following theorem gives conditions for pole placement
by choosing a cost function matrix () and describes an algorithm to find Q.

Theorem 3.1. Let A, Ag, ..., N\, be n complex numbers in the open left half
plane such that neither \; nor —\; are eigenvalues of the system matriz
A and that T[;_, (A — X)) is a real polynomial. Then there exists a positive
semidefinite matriz QQ such that the closed loop eigenvalues of the LQ-optimal
system with respect to the matrices R = (1) and Q are A\, A, ..., \,, if and

only if

r() = (-1)"]

)

(A = X)X+ ) = pa(\)pa(=A) (3.1)
=1
15 nonnegative on iR.

Proof. Recall that the real rational function Z(\) is given by
ZA) =1-B*(A+A")'Q(\— A)'B.

Using Cramers rule we rewrite this as

2(3) = PAAPA(Y) + BT (A — 4RO - A)'B.

pa(A)pa(=A)

where YT denotes the matrix such that Y'Y T = det(Y)I holds.
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Now assume that there exists a positive semidefinite matrix ) such that the
eigenvalues of the closed loop system are A\, Ag,..., \,. Then the Hamilto-
nian H has the eigenvalues A, Aa, ..., An, —A1, =g, ..., —A,. By assump-
tion o(H)No(A) = 0 holds and the eigenvalues are precisely the zeros of the
function Z(\).

The leading coefficient of the polynomial in the numerator of Z(A) is (—1)".
Thus the numerator is of the form (—1)" [T, (A—X;)(A+X;). Then it follows
from the definition of Z(\) that

r(\) = B*(—=A — A)IQ(A — A)'B
holds. We choose A = iw, where w is a real number, and obtain
r(iw) = B*(—iw — A")'Q(iw — A)'B = ((iw — A)'B)*Q(iw — A)'B.

Since () is positive semidefinite, the last term is also positive semidefinite.
Hence 7(\) is nonnegative on iR.

Conversely assume that r()) is nonnegative on iR. Because its values are
real for all imaginary numbers, its zeros are symmetric with respect to the
imaginary axis. Furthermore it is nonnegative and therefore allows the de-
composition

r(A) = v(A\)v(=N).

where v(\) is a real polynomial. This is true, since r()\) is a real polynomial
and thus its zeros also are symmetric with respect to the real axis. Further-
more, 7(A) and hence also v(\) have no common zeros with p4(A). Therefore
no pole zero cancellation occurs in the real rational function pUAFE\;)’ and it
admits a minimal realization

=S\ —A)'B,

where A is similar to A. Since this is a minimal realization, A and B are
controllable. Thus we can transform this realization to control canonical
form. This yields a new realization in terms of the matrices A and B, because
we assumed that the system is given in control canonical form. So there exists
a regular matrix 7" such that

A=TAT', B=TB, S=5T"

hold.
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The matrix T can be computed in the following way : Let T}, 75, ... ,T, be
the column vectors of T'; a similar notation is used for the other matrices. The
second equation shows that 7, = B holds. Furthermore the first equation
can be written as AT = T'A. From these two equations it follows that
Tn-1=(A-TIa,)B = AT, — a,B. Looking consecutively at the columns of
T, we find the recursion 1,,_,_1 = fTTn_k — an_k§~for the column vectors of
T. The transformation matrix is regular because A and B are controllable.

Transforming the state space of the realization with 7" yields a new minimal
realization in terms of A, B and S. Furthermore, if we compute the Hermitian

transpose of the rational function % and its realization we get

v(N)
pa(A)

— B (A — A")7's".

Replacing A by —\ gives

v(—=A
pA(_X

~—

= B*(—\ — A")"LS".

~—

Computing the product of these two realizations and adding 1 gives the real
rational function associated with an LQ-problem for the system (A, B). This
function has exactly the zeros A1, Ag, ..., An, —A1, —Aa, ..., —A,, since

v(A)v(=N)
pa(\)pa(=2)
~ pa)pa(=A) FvNo(=2) _ pa(M)pa(=A) +7(N)

1+ B*(-A—A*)"'S*S(\—-A) 'B=1+

PA(N)pa(=X) B pa(A)pa(=A)
_ DI A = M)A+ A)
PA(N)pa(=X)

holds.

Setting Q = S*S, we have found a positive semidefinite matrix such that the
eigenvalues of the Hamiltonian of the L(Q problem are exactly the zeros of the
above real rational function. Furthermore (A, @)) is observable because (A, S)
is observable which follows from the fact that A,B and S give a minimal
realization. Thus the eigenvalues of the resulting closed loop system are
precisely A, Ao, ..., Ap. O
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This theorem shows the existence of a cost function matrix @ or rank 1, that
solves the pole placement problem under certain conditions. However, the
computed () is not unique because it depends on a factorization of a certain
rational function and, in the general case, this factorization is not unique.
We are interested in a description of all possible matrices Q.

3.2 Characterizations of Solutions

We will start with a result about the relation between two different solu-
tions to the pole placement problem and then derive from that a complete
characterization.

Theorem 3.2.

(a) Let Q1,Q2 be two different solutions to the pole placement problem as
in Theorem 3.1. Then Q = Q1 — Q2 satisfies

—B*(\+A4)7'Q(A - A) 'B=0. (3.2)

(b) Let Q1 be a solution to the pole placement problem of Theorem 3.1. Let
Q be a hermitian matriz of same size as Q1 such that Q1+ Q is positive
semidefinite and that Q) meets the equation (3.2). Then Q2 = Q1 + Q
1s also a solution to the pole placement problem.

Proof. First let (01, Q2 be two different solutions to the same pole placement
problem. From Theorem 3.1 it follows that the Hamiltonians for both ma-
trices have the same eigenvalues and, furthermore, that these eigenvalues are
not eigenvalues of A or A*. So we see that the two rational functions

N
=
!

1—B*\+ A9 1'Q ()N — A) 'B,

Zo(A) =1 —B*(A+A)7'Q(\— A)7'B
have the same zeros and poles because these are exactly the eigenvalues of
the Hamiltonians and of A or A*, respectively. Furthermore the leading

coefficients of both functions are equal. Hence these two rational functions
are equal and satisfy the relation

Z1(A) = Zy(N) = =B*(A+ A")7H Q1 — Q2)(A — A)7'B = 0.

Set Q = Q1 — 2 and the first statement follows.
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Now let )1 be a solution of the pole placement problem. Furthermore, let ()
be as required. Set ()2 = @)1 + @ which is positive semidefinite. Then

1-B*A+A) QA —A) 'B=1-B\+A)" Q1 +Q)(\—A)"'B
=1-B" A+ A)'\Qi(A\—A)7'B - B\ +A4)'\Q\— A)'B
=1-B\+A'Q(\-A)'B

and (s is also a solution to the pole placement problem, because it yields
the same rational function as (). O

The next theorem gives a characterization of all matrices which meet the
equation (3.2) in terms of their elements.

Theorem 3.3. A matriz QQ € R"*" satisfies the equation
—B* A+ A")T'Q(\ - A)T'B =0,
if and only if its elements q; 5, 1,5 = 1,... ,n, satisfy the conditions :

k
Z(_l)k_i(ﬁc—iﬂ,i =0fork=1,...,n,

=1
n

Z (=)™ "qip—is1 =0 fork=mn+1,...,2n— 1.
i=k—n+1

Proof. To prove this theorem we will compute first the matrices (A — A) !B
and —B*(A + A*)~". Observe that —B*(A + A*)™' = ((-A — A)"'B)" for
real . Let V.=(\—A)"'Band V = —B*(A+ A*)"..

Since the matrices A and B are in control canonical form, the product

(A — A)"!B yields the last column vector of (A — A)~!. Then the following
relation holds :

B=(O\—AV.

This leads to a set of equations for the elements v; of V' :

)\Ul = Vo
)\'Ug = U3
)\Unfl = Un

a1v1 + aovg + ... + ayv, + Av, = 1.
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Recursively substituting v; into these equations, we find
vi(ay 4+ Aag + Naz + ...+ X""la, +\") = 1.

Thus the vector V takes the form

1

GV

V= pA()\) :
)\nfl

Further, the second matrix —B*(\ + A*)~!, denoted by ‘N/, becomes

T (_l)n _ 2 _1\n—1yn-1
V_pA(_)\)(l, N G P

The condition on ) is now

(™

5;zth55;ZX5 (17_”X;A2,..., C_l)n_lAn_l)(Q

Il
e

Aﬁ—l

The left hand side is a rational function and this relation holds if and only
if the numerator of this function is equal to 0. The numerator equals the
matrix product, because all terms of the denominator are in the product
of the characteristic polynomials. Computing this product and ordering for
powers of A yields the conditions of the theorem. O

Remark 3.4. The conditions of Theorem 3.3 state that the sums of elements
with alternating signs of the antidiagonals of () are equal to 0. Here we call
diagonal lines running from the lower left to the upper right antidiagonals,
contrary to the ordinary diagonals of a matrix. By definition, hermitian
matrices meet these conditions for all antidiagonals that do not contain a
diagonal element of the matrix. Furthermore the elements in the upper left
and in the lower right corner are always equal to 0. Hence, a hermitian
matrix which meets these conditions can never be definite.

The Theorems 3.2 and 3.3 yield a complete characterization of the solutions
to the pole placement problem. Assume we have computed a solution )7 by
Theorem 3.1. Denote by S the set of all matrices (1 + ), where () meets
(3.2). Then S contains all possible solutions. To see this, consider another
solution )5. Then by Theorem 3.2, we conclude that the difference Q; — Q>
meets (3.2). Hence @2 € S.
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3.3 Eigenvalue Conditions

The question arises if the condition on the polynomial r(A) defined by (3.1)
can be reformulated in terms of the numbers chosen for the pole placement
problem. In other words, whether conditions on the eigenvalues of the re-
sulting closed loop system can be stated. The following corollaries give some
answers to this question. In the following we use the notation from Theorem
3.1.

Corollary 3.5.

(a) If the coefficients of the polynomial r(\) defined by (3.1) have alternat-
ing sign, with the constant coefficient being positive, then it is positive
semidefinite on iR.

(b) If the condition of Theorem 3.1 holds, the eigenvalues of the optimal
system satisfy the inequality

ﬁ IXi|? > det(A)? (3.3)
i=1
Proof. The assumption of statement (a) is that r(\) has the form
r(A) = (=)™, A2+ (1)t A2 AR g,
where r;, i =0,...,n, are nonnegative real numbers. Evaluating this for an

imaginary number iw, where w is real, yields
r(iw) = (1) i w? + (=1)" tr, 12" 20— rtw? o =
= (—=1)"rp(—=1)"w* + (=)t (1) 0 w4,
which is clearly nonnegative for all real numbers w.

To prove statement (b) observe that the constant terms of both p4(\) and

pa(—A) are det(A). Thus the constant term of r()\) is

n n

(=)™ JJ(=20)Ai = det(A)* = T T INiI” — det(A)*.

i=1 i=1
If the condition of Theorem 3.1 holds, 7()\) is positive semidefinite on iR.
Evaluating r(\) at 0 yields

r(0) = H I\[2 — det(A)2 > 0,

=1

from which the inequality (3.3) follows. O
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Corollary 3.6. Let the dimension of the system ¥ be n = 2. Let Ai, o
be either two complex conjugate numbers in the open left half plane, or two
negative real numbers. Then the condition of Theorem 3.1 holds, if and only
if the following inequalities hold :
)\1)\2 Z |det(A)|
AT+ A2 > tr(A)? — 2det(A)

Proof. Denote ¢; = det(A) and ¢ = —tr(A). Then the characteristic poly-
nomial equals ps(A\) = A2 + e\ + ¢;.

First assume that A, Ay are two complex conjugate numbers. We denote
a=R(\)and b = I(\;). Observe that \; Ny = a?+b? and N2+ )2 = 2(a?—b?)
hold.

Now 7(A) becomes
r(A) = (A —a—ib)(A\+a—ib) (A —a+ib)(\+a+1ib) —pa(\)pa(=N)
=N =2 =N+ (@®+ )2 =\ = (2c; — )N -
= —\?(2(a* — b?) + 2¢1 — c&3) + (a® + b*)* — 2.

The condition of Theorem 3.1 states that 7(\) > 0 for A = iz where z € R.
This computes to

?(2(a* — b*) +2¢; — &) + (a* +b*)* — ¢ > 0 for Vo € R
Evaluating this inequality for x = 0 and x large enough yields that the last
inequality holds if and only if

(a® +b*)? > ¢F and 2(a* — b*) > &5 — 2¢,
hold. Following the observation from the beginning, these inequalities are
equivalent to the inequalities of the proposition.
If Ai, Ay are two negative real numbers, r(\) becomes
TA) = (A= A) A+ A1) A= A) A+ X2) — pa(M)pa(=N)
= (=2c1+ =X =)+ XN -

Again for A = iz where x € R this computes to
2?(+2c; — &3 + AT+ A3) + AN — .
With the same argument as before this is greater or equal to zero, if and only
if
A+ A2 > 2 — 2¢; and Ao > oy
hold. O
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4 Pole Placement for Multi Dimensional
Input

In this section we will establish an algorithm for a cost function matrix )
that solves the pole placement problem for multi dimensional input systems.
The algorithm is based on an algorithm for pole placement by use of a Schur
method, which originates from A. Varga, see [5]. That algorithm is modified
to fit our requirements for linear quadratic optimal control.

4.1 Pole Placement

Given a controllable system ¥ = (A, B), where A € R*™*" B € R*™™ and
rank(B) = m > 1, and a set of n complex numbers \;, i = 1,...,n in
the open left half plane, we ask for a cost function matrix ) such that the
eigenvalues of the closed-loop system that minimizes the cost function are
exactly the given complex numbers. Without loss of generality, let R be the
identity matrix to define the linear quadratic control problem properly. It
follows from the results of Section 2.1 that this is possible.

By Theorem 1.6, we have to find a pair of matrices () and X such that X
meets the Riccati equation XBB*X — XA — A*X = (Q and the eigenvalues
of A— BB*X are exactly the numbers A\;, ¢ = 1,... ,n. The cost function
matrix () has to be positive semi-definite and X hermitian. Furthermore
(A, Q) must be observable.

The algorithm decomposes the system matrix into smaller 1 X 1 or 2 x 2
blocks and solves the pole placement problem for each of these blocks. This
yields a cost function matrix and feedback control matrix in each step, which
sum up to the matrices of the overall solution.

4.2 The Real Schur Form

The algorithm uses a special canonical form for real matrices, the real Schur
form. We give a short description of this form and develop the consequences
for our problem.

Theorem 4.1 (Real Schur Form). Let A € R**". Then there exists an
orthogonal similarity transformation U such that UAUT is quasi-upper tri-
angular and has only 1 X 1 or 2 xX 2 blocks on the diagonal, corresponding to
real or to complex conjugate eigenvalues, respectively. Moreover, U can be
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chosen so that the 1 X 1 or 2 x 2 blocks on the diagonal appear in any desired
order.

The proof of this theorem together with an algorithm to compute it can be
found in [2].

Now we establish relations between the properties of the system matrices
and the blocks of the Schur form. The first lemma contains a result on
controllability of blocks of the system matrix. Its proof is simple.

Lemma 4.2. If the pair (A, B) is controllable, where

(A A _ (B
=(v3) »=(5)
then (As, By) is controllable.

The next step is to look at the Riccati equation for a single block of the
system matrix and its relation to the Riccati equation for the overall system.

Remark 4.3. Let A and B be defined as in Lemma 4.2. If we take a her-
mitian matrix X of the form
00
= (o)

where X; has the same size as Aj, then the conditions on X, outlined in
Section 4.1, take the following form. The matrix of the closed loop system is

e (A A BB BiB3\ (0 0

A-BBX = ( 0 A3> a (BZB;‘ ByB; ) \ 0 X,
A1 A, — BiBy X,
0 As — BB X

and the algebraic Riccati equation is

XBB*X - XA-A"X =

(0 0 (0 0 ) (0 o0 _0
~\0 X\ByB; X, 0 X1 A; 0A5X, )

If there is an X such that the Riccati equation holds for the positive semi-
definite matrix @), then this matrix X shifts only eigenvalues of the block Aj.
Moreover the problem of finding such a matrix X is reduced to find a matrix
X such that A3 — B,B; X, has the required eigenvalues and X;ByB; X, —
X143 — A3 X, = () holds, where (), is the corresponding block of Q.
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Then we have to consider how two such solutions for two blocks can be added
to yield a common solution for both blocks.

Remark 4.4. Let (A, B) be controllable, but no special structure is as-
sumed. Furthermore let X; be a hermitian matrix such that A, := A —
BB*X; shifts some eigenvalues of A and X;BB*X; — X;A — A*X; = ),
holds, and let X5 be another hermitian matrix such that 4, := A — BB*X,
shifts again some eigenvalues of A; and Xo BB* X5 — XA, — A7 X5 = Q3 holds.
Both )1 and (), are positive semi-definite matrices. Let X := X;+X,. Then
X itself shifts the eigenvalues of A to those of A, because

A2 - Al - BB*X2 - A - BB*XI - BB*XZ
= A—BB*(X,+ X,) =A—- BB*X

holds. Furthermore the Riccati equation for X holds with Q = Q1 + Q- :

X, BB*X, — XA, — A1 Xo + XiBB*X; — X1A - A" Xy
= X,BB*X, — Xy3(A — BB*X,) — (A* — X, BB*)X,
+X1BB*X, — XA - A" X,
= (X1 +X5)BB" (X1 4+ Xo) — (X5 + X9)A - A"(Xq + X3) = Q1 + Qo

4.3 The Reduced Pole Placement Problem

Now we deal with the problem reduced to single blocks of the system matrix.
We want to find matrices X and @ for systems of state space dimension one or
two. Let p be the dimension of the state space and p = 1 or p = 2. Let (A, B)
be controllable, where A € RP*P and B € RP*™ and let A\;, : =1,...,p, be
complex numbers symmetrically distributed with respect to the real axis,
and r = rank(B).

First we compute the orthogonal factorization
B=U(Bo)Vv"

where B € RPX" is upper right triangular, and U € RP*? and V' € R™*™ are
orthogonal matrices. Furthermore we compute A = UT AU.

It is now possible to reduce the problem to the controllable pair (ﬁ, E) be-
cause

(Bo)(Bo) =BB
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and thus the pole shifting equation and the Riccati equation are the same
for the matrices (B 0) and B and any solution X for one of them is also a
solution for the other. Now we have to consider the cases of the input matrix
B being invertible or not.

4.3.1 Invertible Input

Assume we have found a hermitian matrix N)A(;su~ch that A — EE*)A(/N =C
where C' has the desired eigenvalues and XBB*X — XA — A*X =@ > 0.
The strict inequality is used to achieve observability of (A, Q). Then X is
the solution of the Riccati equation associated to the linear quadratic control
problem with the cost functions R = I and Q).

Since B is invertible, these two assumptions are equivalent to

X = (BB*) {(A-C) (4.1)
and, by substituting into this the Riccati equation,

X*BB*X —X*A-—A'X=Q >0
— (A* —C*)(BB*)"'BB*(BB*)"Y(A - C)

—(A* — C*)(BB*)™'A — A*(BB*)"{(A—C) > 0
— C*(BB*)"'C > A*(BB*)~'A

Hence the following two conditions are sufficient and necessary for the exis-
tence of X :

(BB*)™'(A — () is hermitian (4.2)
C*(BB*)"'C > A*(BB*)'A
In the case p = 1 this is reduced to A = (@), B = (3), C = (y) and the
condition becomes
2 2
T2 a2sa?e> |

gz B

The case p = 2 is not so straightforward. Two problems have to be solved.
Firstly we have to decide whether a matrix C' exists that meets the two
conditions for a given pair of eigenvalues. Secondly we have to find such a
matrix.
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For given matrices A and B, and for two complex numbers A, Ay, the matrix
C has to meet the following conditions. The eigenvalues of C' are A, Ay and
C' meets the two conditions (4.2) and (4.3), where A and B are replaced by
A and B.

The eigenvalue condition (4.1) is equivalent to the following two equations :

cii+ e = A+ Ag,

C1,1C22 — C1 2021 = A1 Ag.
Condition (4.2) yields the following equation :

bii(ars —c12) +bi2(ags — ca2) = bia(ar,r — c1,1) + baz(asy — caq).

We can use these three equations to parameterize all matrices C' meeting
these three equations. Substituting such a parametrization into condition
(4.3) can be used to decide whether a matrix C' meeting all conditions exists
and to compute it, if possible. By computing the main minors of the matrix
C*(BB*)"'C — A*(BB*)"'A, one can compute whether condition (4.3) is
met or not.

4.3.2 Non Invertible Input

B
0
therefore p = 1 is impossible. Then there exists a transformation 7" such that

In this case p = 2 and B = holds because (11, E) are controllable and

A:=TAT! B:.=TB

are in control canonical form. Now we apply Theorem 3.1 and get a positive
semi-definite matrix () such that the stabilising solution X places the poles of
the closed loop system in the desired places. Conditions on the eigenvalues
and locations of the poles are discussed in Corollary 3.6 which gives us a
complete characterization of the possible solutions.

By setting X =T*XT we find a solution for this case. Furthermore, the cost
function matrix equals Q) = T*QT.

4.4 An Algorithm

The matrices A, B and R are given as in the beginning of this section. Let
Aj, 3 =1,...,n be complex numbers symmetrically distributed with respect
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to the real axis in the open left half plane. Furthermore, neither A\; nor —Xj
are eigenvalues of A for j =1,... n.

The syntax A < B denotes that the value of B is assigned to the variable
A. Then any further use of A references this new value.

Algorithm 4.5. Sequential Computing of a cost function matrix @)
which achieves Pole Placing

1. Reduce A to the real Schur form, accumulating the transformations in
K, set A+ KAK* and B + KB.

2. Set X =0and Q =0 where X,Q € R"", and k = 1.

3. Set A equal to the last block in A of order p (p =1 or 2 ) and set B
equal to the last p rows of B.

4. Compute a hermitian matrix X such that BB X shifts the eigenvalues
of A to the numbers )\;, j=%,... ,k+p—1and

XBBX-XA-AX=0>0

holds. The new eigenvalues must meet some conditions outlined in Sec-
tion 4.3 for such an X to exist. If there is no solution X the algorithm
stops without solving the problem.

5. Extend X and @ to n x n matrices by putting X and @ into the lower

right corner and choosing the other elements equal to zero. Compute
X+ X+X,Q+—Q+Qand A+ A—-BB*X.

6. Move the last block of A to position (k, k) accumulating the transfor-
mations in K; and compute K < K 1K, B + KB, X + K; XK and
Q — KiQK;.

7. Set k< k+p. If K <n go to step 3, otherwise continue to step 8.
8. Set X < K*XK and () < K*QK and stop.

The algorithm computes a matrix ) and the corresponding feedback matrix
X for the given system. The matrix K accumulates the orthogonal trans-
formations and is used in Step 8 to transform X and @) back to the original
system. In Step 5 Remark 4.4 is used to combine the feedback and cost
function matrices yielding new ones shifting p more eigenvalues. Remark 4.3
and the conclusions of Sections 4.3.1 and 4.3.2 about systems of dimension 1
or 2 are used in Step 4 to compute feedback and cost function matrices that
shift only one or two eigenvalues.
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Remark 4.6. The locations of the complex numbers ); is important in Step
4, where the existence of a stabilizing feedback matrix depends on the relation
between the original eigenvalues and these numbers. Thus the ordering of
the numbers A\; and of the blocks in the real Schur form can have an influence
on the outcome of the algorithm. It is possible that the algorithm stops in
Step 4 without completing, if a certain order is used, whereas for a different
order it may well finish and compute a solution. Thus the algorithm might
be more suitable for an interactive execution, where the user can influence
the choice of the new eigenvalues.

4.5 Observability

In Theorem 1.6 it is assumed that the pair (A, Q) is observable. We will
show now that the cost function matrix () computed by the above algorithm
meets this requirement. By Theorem 1.4 and the duality of controllability
and observability we have to show that for each eigenvalue p;, 1 =1,... ,n,
of A the relation rank((A — A, Q)*) = n holds. This is equivalent to

(AngI)x%O, zeR", x#0. (4.4)

Assume that

<A22>J)x:0

for some vector x. Then if follows that z is an eigenvector to some eigenvalue
p; of A. Furthermore Qx = 0 holds.

The transformations of the algorithm do not change the eigenvector and
its eigenvalue, if the block corresponding to the eigenvalue is not changed.
Assume A is in Real Schur Form and the block A;; corresponding to the
eigenvalue p; is not the last one. Then the eigenvector x has only nonzero
entries up to the row corresponding to the lower right corner of the block

0 0 Ajiyn/ \ 0 0
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The pole placement transformation A + BF' concerning the block Aj; 1541
does not affect the eigenvector x.

0 Aj] A]J+1 + B F X =

0 0 Ajpjm+ BJ+1F;+1 0
0 AJ] AJ]+1 + 0 0 BJE? T = Ky T
0 0 Ajiijn 0 0 Bj11Fjm 0 0

Thus the transformations of the algorithm leave the eigenvector x and the
eigenvalue y; invariant as long as the block corresponding to the eigenvalue
t; is not changed. Also the partial cost function matrix ;4 maps z to 0.

Since we assume that the eigenvalues \; of the resulting closed loop system
are not equal to the original eigenvalues or the eigenvalues mirrored at the
imaginary axis, there is a step in the algorithm that changes the eigenvalue
fi- At this step the block A;; corresponding to ; is in the lower right corner
of the system matrix and the algorithm yields a partial cost function matrix
@; such that (A;;, Q;) is observable.

Since x is an eigenvector of A, the restriction x; of x is an eigenvector of
Aj;. Thus, by observability, Q;x; # 0 and, furthermore, QQz # 0. But this
is a contradiction to Qz = 0. Thus (A4, @) is observable and we can apply
Theorem 1.6.
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5 Examples

In this section examples for the results obtained are given. These examples
were calculated using MapleV Release 4 with the precision set to twenty
digits. The numbers given are rounded to four decimals.

5.1 Perturbations of the Cost Function

We will consider the following controllable system ¥ = (A, B) given in control
canonical form

The system matrix A has the eigenvalues 1, 2, 2 and thus is unstable. More-
over we consider an LQ problem with the cost function matrices

100
R=(1)andQ=1021
012

The pair (A, Q) is observable, hence by Theorem 1.6 there exists a feedback
control such that the resulting closed loop system is stable. Indeed, the
eigenvalues of the closed loop system are —2.8326, —1.3409, —1.0856.

We perturb the cost function matrix ) by adding a positive value ¢ to the
element in the upper left corner. Then the eigenvalues of the closed loop
system resulting from solving the perturbed L(Q problem move towards the
zeros of the polynomial q¢(\) = A\ — (p + ¢) for ¢ — oo. Figure 1 visualizes
the paths of the system eigenvalues in black and the paths of the zeros of
q(A) in grey.

The lower bound for (p + ¢) is 2530944. The black crosses and grey circles
mark the locations of the system eigenvalues and the zeros of ¢(\) for this
value. The circles show the areas, where exactly one eigenvalue of the system
must lie. Their centres are the zeros of ¢(\) and their radius is 5.8370.

5.2 Pole Placement for One Dimensional Input

The next example deals with pole placement for one dimensional input sys-
tems. We consider the system X of the last section and the cost function
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Figure 1: Eigenvalues under perturbation

matrix R = (1). We compute a cost function matrix @ such that (A, Q) is
observable and the closed loop system resulting from solving the L() problem
has the eigenvalues —3, —2 — 1, —2 4 1.

The characteristic polynomial of A is
pa(A) = A* —5\2 +8)\ — 4.

By Theorem 3.1 there exists such a matrix @), if the term
n

r(V) = (1" [T =2+ X) = (pa(V)pa(=2)

i=1
is nonnegative for all A € iR. The term r()\) computes to
r(A) = 6A* — 552 + 209,

The zeros of r(A) are 2.2897 + 0.81207, —2.2897 4 0.8120: and therefore it
is nonnegative on R. Thus the condition of Theorem 3.1 is fulfilled and we
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can find a factorization into r(\) = v(\)v(—\). A possible factorization is
v(A) = V6(A? + 4.5794) + 5.9010).
The next step is to compute a realization of the real rational function

v(A)  VB(A? 4 4.5794) + 5.9010)

pa(N) AN —5)A2+8\—4

The following matrices yield a realization of this function. The algorithm to
compute such a realization is described in detail in [4].

N 2.7150 —5.0504 7.8946 N —113.5424
A= (01107 1.8552 —2.8502 |, B=| 157412 |,
0.0113 0.1855 0.4298 —1.4533

S = (—0.0907 —0.5739 —0.8139)

To compute the state space transformation back to the original system ma-
trix, we follow the steps of Theorem 3.1. The last column of the transforma-
tion matrix 7" is equal to B. The second column computes to 7, = (A—51)B
and the first to 7, = AT, +8B. These computations yield the transform ma-

trix

—92.9839 168.4727 —113.5424
T = 13.4986 —57.9274 15.7412
—16.9160 8.2836 —1.4533

With this 7" we compute S, and furthermore the cost function matrix ) =
S*S

209.0000 162.1640 35.4119
Q = | 162.1640 125.8237 27.4762
35.4119 27.4762 6.0000

5.2.1 Finding a Definite @)

Furthermore we want to compute a cost function matrix (; which is positive
definite and still produces a solution to the LQ problem with the desired
eigenvalues. Assume that we have found such a matrix ;. Then we know
from Theorem 3.2 that the difference QA = Q1 — Q) meets the equation (3.2).
Theorem 3.3 then gives us a characterization of all matrices solving equation
(3.2).
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Conversely, if we find a hermitian matrix Qa that solves equation (3.2) and
such that (1 = @ + QA is positive definite then (); yields the same solution
to the pole placement problem.

We can parameterize all (o meeting the condition of Theorem 3.3 in the
following way

0abd

Qala,b,c) =1 a2bc

b cO
Adding this to @) we have to find parameters a, b, ¢ such that the sum is
positive definite. With some experimenting, one can find that a = —2, b =
—1, ¢ = —1 yield a matrix with the desired properties. We get the cost

function matrix

209.0000 160.1640 34.4119
Q1 = | 160.1640 125.8237 26.4762
34.4119 26.4762 6.0000

which is positive definite and for which the closed loop system resulting from
solving the LQ problem has the desired eigenvalues —3, —2 — 1, —2 4 1.

5.3 Pole Placement for Multi Dimensional Input

The next example corresponds to the Algorithm 4.5. It uses all three cases
for Step 4 and will also demonstrate that a different choice of the order of
blocks can stop the algorithm.

The system ¥ = (A, B) is given by the following controllable pair of matrices:

—4.3173 —6.5467 —4.1661 —7.4271 5.5611
6.7380 7.7913 1.9065 5.6858 —6.6460
A= 27412 0.3797 1.6670 —0.3939 —3.2227 |,
—2.2311 —2.5102 0.0908 0.2577 2.4016
—4.2429 —2.7632 0.4777 —2.3180 6.6014

—0.1983 0.0118 —0.5116
—0.0197 0.0160 0.5793
B = 0.0261 0.0509 0.2670
0.0378 0.0159 —0.4467
—0.1783 —0.0359 —0.2497
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The system matrix A has the eigenvalues 2, 2444, 3+47. The set of complex
numbers is \; = {—4 4+ ¢, —4 — i, =5 + 2i, —5 — 2¢, —3}. The notation used
will be the same as in the definition of the algorithm.

Step 1. Transform A to the Real Schur Form with an orthogonal transfor-
mation K, which is computed such that the blocks on the diagonal of A
correspond to the eigenvalues or pairs of conjugate complex eigenvalue in the
order 2, 2 + 41, 3 +4. The system matrices become

2 2.2419 —-9.8087 —3.0411 7.7630

0 0.1134 11.4682 4.1734 —8.6016
A=1]0-17055 3.8866 —2.2149 —4.4243 | ,

0 0 0 2.6979 2.3482

0 0 0 —0.4647 3.3021

0.2713 0.0209 0.4595
0 0.0097 —0.7543

B = 0 —0.0632 —0.2587
0 0 0.2790
0 0 —0.0744

Step 2. Set S =0 and Q = 0, where S, @ € R, and set k = 1.
Step 3. We pick the last block of A and the corresponding rows of B.

T 2.6979 2.3482 B 00 0.2790
-\ —0.4647 3.3021 )’ -\ 00 —0.0744

A has the eigenvalues 3+ and we will assign —4 £ to this block in the next
step.

Step 4. Now we have to decide how to compute a stabilizing feedback matrix
S. Obviously B has rank 1 and so we use the not invertible case described

in Section 4.3.2. We set B, to
_( 0.2790
7\ —0.0744 )

Observe that BB® = B; B, and therefore any solution for Bj is also a solution
for B. Then we transform the system (A, By) to control canonical form and
denote the new system matrices as A and B.

&

Finally we use Theorem 3.1 to compute a semidefinite @ that shifts the
eigenvalues of A to Ay = —4 414, Ay = —4 —i. Corollary 3.6 states conditions
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Figure 2: Valid eigenvalues for one dimensional input

on the desired eigenvalues. In Figure 2, the dotted area visualizes the set
of possible eigenvalues. Clearly, the pair of eigenvalues —4 + ¢ meets the
conditions.

Following the procedure described in Section 5.2, we find the cost function
matrix

@ B 189  —51.4393
~ \ —51.4393 14 ’

We will also look for a positive definite @ and use Theorem 3.2 and 3.3 to
find one. A suitable solution is

@%@—F 010\ _ 189  —41.4393
10 0 )\ —41.4393 14 '
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Finally we compute the stabilizing feedback matrix S

5 (2374393 7
- 7T 14)°

Transforming back to (A, B) and applying the fifth step of the algorithm
yields

000 0 0 000 0 0
000 0 0 000 0 0
S=1000 0 0 , @=1000 0 0
000 383.2696 1766.7970 000 178.1902 213.4402
000 1766.7970 10386.9196 000 213.4402 1623.4117

and

2 2.2419 -—-9.8087 8.2539 136.5326
0 0.1134 11.4682 —14.3674 —219.9774
A= 0-17055 3.8866 —8.5742 —76.9244
0 0 0 9.5554  80.5274
0 0 0 —2.2942 —17.5554

Step 5. Here we deviate from the algorithm a little. Instead of moving the
last block of A to position (1,1), we exchange the two 2 x 2 blocks. This
may yield a different outcome, but will also give a solution.

We transform A and B in such a way that the two 2 x 2 blocks on the
diagonal of A exchange their places and correspond to the following order of
the eigenvalues : 2, —4 + 4,2 £ 44. This is accomplished with an orthogonal
transformation K. Furthermore K < K K, B < KB, S + K,SK{ and
Q < KiQK7y are computed. This yields the following state space matrices :

2 —=7.2719 —44.3844 —128.2351 18.5315
0 13.5898 73.0398 220.8940 —39.9979
A= 0-4.2497 —21.5898 —71.4695 7.7012
0 0 0 0.5684 2.8012
0 0 0 —6.4435  3.4316

Y

—0.2713 —0.0209 —0.4595
0 0.0258 0.8061
0 0.0409 —0.2621
0 —0.0046 —0.0135
0 0.0416 —0.0263
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Step 6. We add the size of the last block to the index variable k£ and get
k = 3. As we have not yet finished we continue with the third step of the
algorithm. Again we pick the last block of A and the corresponding rows of
B.

s/

A=

( 0.5684 2.8012)

0 —0.0046 —0.0135
—6.4435 3.4316

0 0.0416 —0.0263

A has the eigenvalues 2 4 4i and we will assign —5 + 24 to this block in the
next step.

Step 7. We set B to be the invertible 2 x 2 block of B and A = A. If we
find a feedback matrix for the pair (A, B), the same matrix is also a solution
for the pair (A, B).

Now B is invertible. We try to find a matrix C' such that the eigenvalues
of C are —5 4+ 27 and it meets the two conditions of the invertible case. A
suitable C is

C = —1.5 1.9922
-\ —-8.1570 8.5 )

Furthermore the feedback matrix S and the cost function matrix Q) compute
to

T 10142.7787  24.9029 0— 9812.7833 11773.6575
N 24.9029 4932.42035 )’ -~ \ 11773.6575 24880.0255 |
The fifth step of the algorithm yields
0 0 0 0 0

0 81.2187 279.2251 740.9266 —243.0759
S=10 279.2251 1098.4442 3081.5113 —912.6813 |,

0 740.9266 3081.5113 18962.9998 —2489.6391

0 —243.0759 —912.6813 —2489.6391 5702.7257

0 0 0 0 0

0 37.7603 60.2644  76.1492 —74.3378
Q=10 60.2644 180.6516 447.4062 —165.6092

0 76.1492 447.4062 11223.5109 11442.5504

0 —74.3378 —165.6092 11442.5504 25052.4880
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and

2 —=7.2719 —44.3844 —192.4148 —36.9090
0 13.5898 73.0398 332.9767 59.4823

A= 0 —-4.2497 —21.5898 —105.6490 —34.7416
0 0 0 —-1.5 1.9922
0 0 0 —8.1570 —8.5

Step 8. To move the last remaining unstable eigenvalue, we transform A and
B such that the 1 x 1 block is in the lower right corner of A. The blocks now
correspond to the following ordering of the eigenvalues : —5 + 2, —4 £ ¢, 2.
Again an orthogonal transformation K; is used. Furthermore K <+ KK,
B «— KB, S + K\SK{ and @) + K,QK; are computed. This yields the
following state space matrices :

—4.5097 —69.0646 61.4010 —341.5588 —217.2932
0.0614 —5.4903 —11.1823 —17.3236 —18.3695

A= 0 0 —2.9491 —-3.4261 —5.5612 ,
0 0 0.6142 —5.0509 —5.3381
0 0 0 0 2

0.1328 0.0232 0.9626
0.0436 —0.0514 0.0529
B =] —0.0937 —0.0348 0.0158
—0.1336 —0.0118 0.0296
0.1657 0 0

Step 9. Again we add the size of the last block to the index set k£ and get
k = 5. Again we continue with the third step of the algorithm. We pick the
last block of A and the corresponding rows of B.

A=(2), B=(0.165700)

A has the eigenvalue 2 and we will assign —3 to this block in the next step.

Step 10. This is the 1 x 1 case and very easy to compute. As the conditions
for the invertible case are met, we can directly compute the feedback matrix
S and cost function matrix Q.

5= @B A-0)= S5

Q =SBB'S—SA— A*S =182.1750

= 182.1750
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Applying finally the fifth step of the algorithm yields

7.2206 —3.7345  8.5309 11.5994 9.3735
—3.7345 668.3657  90.4523 903.2771  606.5477
S =1 85309 90.4523 7562.1195 —6607.4338 —1082.2162
11.5994 903.2771 —6607.4338 13088.7778 6570.5137
9.3735 606.5477 —1082.2162 6570.5137 4701.0798

13.2750 —16.7669  8.1460 13.3596 9.1537
—16.7669 901.2277 3143.5409 1815.2697 3017.5441
Q= 8.1460 3143.5409 13849.2349 5939.3491 11786.6218
13.3596 1815.2697 5939.3491 8213.0072 9492.5195
9.1537 3017.5441 11786.6218 9492.5195 13699.8411

and

—4.5097 —69.0646 61.4010 —341.5588 —221.3003
0.0614 —5.4903 —11.1823 —17.3236 —19.6857

A= 0 0 —2.9491 —-3.4261 —2.7338
0 0 0.6142  —5.0509 —1.3064
0 0 0 0 -3

)

b

Step 11. Adding the block size to the index variable yields k¥ = 6 and the
algorithm stops. The matrix A now has the desired eigenvalues. To compute
the feedback matrix and the cost function matrix in the original state space,
we use the accumulated transformation K and follow the eighth step of the

algorithm.

5.3.1 Influence of the Order

If we would have computed the Real Schur Form in Step 1. such that the
blocks on the diagonal of A would have corresponded to the ordering 2, 3 +
1, 2 £+ 47 of the eigenvalues, then the algorithm would have stopped. A

transformation producing this ordering yields the system matrices

2 0.0844 3.7120 8.4587  9.2420

0 2.4018 —4.7777 —10.0550 —9.0138
A=100.2842 3.5982 1.3934 4.5547 |,

0 0 0 1.7124 —4.8502

0 0 0 3.3159  2.2876
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0.2713 0.0209 0.4595
0 —0.0124 —0.8362
0 —0.0211 0.0194
0 0.0289 —0.1292
0 0.0516 0.0553

B =

We set

(17124 —4.8502 LB (00289 —0.1292
=\ 3.3159 22876 ) ™7 T\ 0.0516 0.0553 |

These matrices describe the system, whose eigenvalues we want to shift to
—4+1. But there is no matrix C' meeting the two conditions for the invertible
case. Thus the algorithm stops, because there is no feedback matrix that
shifts the eigenvalues to the desired locations.
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