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Foreword �

Foreword

Mathematical systems theory is a widely used tool in todays engineering
practice� Devices are commonly expressed in systems of linear ordinary dif

ferential equations and their properties and behaviour is addressed in the
language of this theory� In this setting the eigenvalues of the matrix describ

ing the system of equations ultimately de�ne the properties of the system of
interest� Usually the task of controlling a system is to change it in such a
way that it attains some desired properties such as stability�

This work is concerned with one approach to control a system using Linear
Quadratic Control� The control is a linear feedback of the system state and
furthermore� satis�es a quadratic optimality constraint�

After a short introduction to the concepts and de�nitions used in mathe

matical systems theory� Chapter � gives a result on the in�uences of certain
perturbations of the optimality condition on the resulting systems behaviour�
Chapter � develops a pole
placement theorem for one dimensional input sys

tems and Chapter � introduces an algorithm to accomplish the same for multi
dimensional input systems� The last chapter contains examples showing the
various results of this work�

This master thesis was developed to a great extend during my stay in Ams

terdam in autumn ���
� While attending two lectures about mathematical
systems theory� I was lucky to work with Prof� Ran from the Free University
on the results presented in this work� During the spring and summer of ����
the actual thesis was written under the supervision of Prof� Langer�

I enjoyed my stay in Amsterdam in many ways and had a very good time�
Not only the city of Amsterdam itself was of interest� I also found a number
of new friends with whom I hope to spend a lot more time in the years to
come�

I would like to thank Prof� Langer for making my stay in Amsterdam possible
and provide me with his experience during his supervision� Then Prof� Ran
who introduced me to the subject and to mathematical research in general�
He was a very good supervisor and friend who helped me through a lot of dark
spots during the development of this work� Also to my friends in Amsterdam
who usually provided me with a lot of distraction and good companionship
after having worked too much� Finally I�m very grateful to my family who
at all times supported my interests in mathematics and enabled me to reach
this point�
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� Introduction

We will consider linear quadratic control problems� Such problems are com

posed of a system of linear di�erential equations together with a quadratic
cost function� The aim of such a problem is to �nd an optimal control func

tion such that the cost function is minimized for this control� To start we
need some de�nitions and results from mathematical systems theory� A fairly
complete discussion of these topics can be found in ����

��� Linear Systems

De�nition	

�� A linear continous
time time
invariant system � � �A�B� consists of
the matrices A � Kn�n and B � Kn�m� where K is the �eld C or R�
and the equation

�x�t� � Ax�t� �Bu�t� for t � R� �����

�� A linear continous
time time
invariant system � � �A�B�C�D� with
output consists of a system �� � �A�B� and the matrices C � Kp�n

and D � Kp�n� where K is the �eld C or R� and the equation

y�t� � Cx�t� �Du�t� for t � R� �����

The function y�t� is called the output of the system ��

Remark �	�	 The system equation ����� de�nes a map

� �

�
R � R �Kn � C�Km�� Kn

��� �� x�� u�� x�� � �� x�� u�
�

where x�� � �� x�� u� is the solution of the di�erential equation ����� with initial
value x� � x��� evaluated at time � � This map is called the transition map�
The system with output de�nes a map h � R � Kn � Kp by ������ the so
called measurement map� We will also write y�� � �� x�� u� to denote the value
of this map� The variation of constants formula gives

x�� � �� x�� u� � e�����Ax� �

Z �

�

e�����ABu�s�ds

for the transition map and likewise for the measurement map�



��� Linear Systems �

If m � � we call the system single input� if p � � single output� The elements
u�t� � C�Km� are called controls� Throughout the following we are only
interested in real matrices and thus we will write R instead of the general �eld
K� Furthermore we assume without loss of generality that the system will
always start at time � � � and therefore � will be omitted in the following�
This can be done because of the time
invariance of the system�

De�nition	 A system � � �A�B� is said to be in control canonical form� if
the matrices A and B have the following form �

A �

�BBB�
A�� A�� � � � A�r

A�� A�� � � � A�r
���

���
� � �

���
Ar� Ar� � � � Arr

�CCCA and B �

�BBB�
b� � � � � � � � � �
� b� � � � � � � � �
���

���
� � �

���
��� � � �

� � � � � br � � � �

�CCCA �

where the blocks Aij have the form

Aij �

�BBB�
� � � � � �
���
���
� � �

���
� � � � � �
� � � � � �

�CCCA for i �� j and Aii �

�BBB�
� � � � � �
���
���
� � �

���
� � � � � �
� � � � � �

�CCCA �

and the blocks bk are vectors of the form

bk �

�BBB�
�
���
�
�

�CCCA �

The dimensions �k of the vectors bk are called controllability indices� They
are uniquely determined by �A�B��

Remark �	�	 For any controllable pair of matrices �A�B�� there exists an

invertible matrix T � such that eA � T��AT� eB � T��B are in control canon

ical form� In the single input case eA takes the form

eA �

�BBB�
� � � � � �
���

���
� � �

���
� � � � � �
�� �� � � � �n

�CCCA �

and �n � �n�
n�� � � � �� ���� �� is the characteristic polynomial of eA�
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�	�	� Controllability and Observability

De�nition	

�� A system � � �A�B� is called controllable� if for all x� and x� � Rn �
there exists a control u�t� such that the solution to ����� with initial
state x� assumes the value x� for some t � ��

�� A system with output � � �A�B�C�D� is called observable� if for all
pairs of initial values x�� x�� x� �� x�� there exists a control u�t� such
that for some time t � � the relation y�t� x�� u� �� y�t� x�� u� holds�

The following theorem gives a characterization of controllable and observable
systems in terms of their matrices� A development of the theory and the proof
can be found in ����

Theorem �	�	

�i� The system � � �A�B� is controllable� if and only if

rank�B�AB� � � � � An��B� � n

holds� The pair �A�B� is then also called controllable�

�ii� The system with output � � �A�B�C�D� is observable� if and only if

rank

�BBB�
C

CA
���

CAn��

�CCCA � n�

holds� The pair �A�C� is then also called observable� This is equivalent
to �A�� C�� being controllable�

There are some other characterizations of controllable pairs of matrices� The
next theorem gives some equivalent conditions� The proofs can be found in
����

Theorem �	�	 Let A � Rn�n and B � Rn�m � Then the following statements
are equivalent�

�i� �A�B� is controllable�

�ii� rank�A� �I� B� � n for each � � C �

�iii� rank�A� �I� B� � n for each eigenvalue � of A�
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�	�	� Stability and Feedback Control

The di�erential equation

�x � Ax�

where A � Rn�n � is called asymptotically stable� if for all initial values
x� � x���

lim
t��

x�t� � �

holds� This is equivalent to the fact that all eigenvalues of A are in the open
left half of the complex plane� Furthermore� we can think of such an equation
as a system � � �A� without input�

For a system � � �A�B�� we are looking at a special kind of control� We are
interested in a linear constant feedback control u�t� of the form u�t� � Fx�t��
where F � Rm�n � This is called feedback control� because the state of the
system itself is used to compute the control� In such a case we also speak of
a closed loop system�

The system � then becomes a system without input and with the system
matrix A � BF � It is asymptotically stable� if the eigenvalues of A � BF

are in the open left half plane� The following theorem states that the matrix
A �BF can achieve any set of eigenvalues under certain conditions�

Theorem �	� 
Pole�Shifting Theorem�	 The pair �A�B� is controllable�
if and only if� for each set of complex numbers ��� � � � � �n� there exists a
matrix F � Rm�n � such that the eigenvalues of A � BF are exactly the
numbers ��� � � � � �n�

Hence� for a controllable system it is possible to achieve any asymptotic
behaviour with a linear constant feedback control� This method is also called
pole
placement�

�	�	� Linear Quadratic Control

This section is concerned with linear constant feedback controls under other
constraints than pole
placement� We want to �nd a control that results in a
asymptotically stable system and in addition meets a minimality condition�

Let � � �A�B� be a system without output� Then we associate with it the
quadratic cost function

J��x�� u� ��

Z �

�

�u�t��Ru�t� � x�t��Qx�t��dt�
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where Q � R
n�n is a positive semide�nite and R � R

m�m is a positive de�nite
matrix� The cost function is evaluated for an initial value x� and a control
u�t�� It may be in�nite�

The general problem of the linear quadratic control is to �nd a linear constant
feedback u�t� � Fx�t�� such that J��x�� u� is minimized� The solution to
this problem is given by the following theorem� the proof of which can be
found in ���� Theorem �� �

Theorem �	
	 Let the system

�x�t� � Ax�t� �Bu�t��

and the quadratic cost function be de�ned by Q and R as above� Furthermore
let �A�B� be controllable and �A�Q� observable� Then for each x� � R there
exists a unique optimal control� given by

u�t� � �R��B�X� �����

where X is the stabilizing solution of the algebraic Riccati equation

XBR��B�X �XA� A�X �Q � �� �����

A solutionX of the Riccati equation ����� is called stabilizing� if the resulting
closed loop system given by the control ����� is stable� That is� if the so

called closed loop system matrix A�BR��B�X has only eigenvalues in the
open left half plane� Under the assumptions of the theorem this solution is
unique�

To a given system a certain pair of matrices Q�R assigns a unique control
function that yields a stable system matrix of the resulting closed loop sys

tem� However� we do not have information about the quality of the stability
of this system� That is� the eigenvalues of the system can be close to the
imaginary line leading to poor decay of solutions of the closed loop system�
or have large imaginary part leading to large oscillations in the solutions�

The question we want to consider is� how can we in�uence the stability
properties of the closed loop system� by changing or choosing appropriate
matrices Q and R�

We will need some tools to tackle this problem� In the following sections we
will introduce these tools�
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�	�	� The Hamiltonian

To solve the optimal feedback problem� one has to solve the algebraic Riccati
equation ������ One way is by solving an eigenvalue problem� A complete
development of these results can be found in ����

De�nition	 A real matrix H of size �n is called a Hamiltonian matrix� if
and only if

H�J � JH � �� where J �

�
� �I
I �

�
�

Here I is the n
dimensional identity matrix�

The eigenvalues of a Hamiltonian matrix H are distributed symmetrically
with respect to the imaginary axis�

Associated to the quadratic control problem as de�ned in Section ������ we
introduce the Hamiltonian matrix

H �

�
A �BR��B�

�Q �A�
�
�

It is well known� that under the assumptions that �A�B� is controllable
and �Q�A� is observable� the subspace of C �n spanned by eigenvectors and
generalized eigenvectors of H corresponding to its eigenvalues in the open
left half plane is of the form

M � Im

�
I

X

�
�

where X is the stabilizing solution of the algebraic Riccati equation ������

Furthermore� the restriction of H to M is similar to the closed loop system
matrix A� BR��B�X� Hence� the stable eigenvalues of the Hamiltonian H
are exactly the eigenvalues of the closed loop system�

��� Realization Theory

Realization Theory is an important cornerstone of mathematical systems
theory� However� we will only need a particular application of it related to
matrix valued rational functions� The following de�nitions and results are
taken from ��� for rational functions�
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De�nition	 A function r � D � Kn�m� where D 	 K� is called rational� if
the functions rij for the elements are rational functions� The �eld K can be
R or C � A rational matrix valued function is called proper� if limj�j�� r���
exists�

De�nition	 Let r��� be a real rational function with values in Rn�m � A
quadruple � � �A�B�C�D� of matrices� where A � R

q�q � B � R
q�m � C �

Rn�q and D � Rn�m � is called a realization of r���� if

r��� � D � C��I � A���B� ���	�

A realization is called controllable if �A�B� is controllable and observable if
�A�C� is observable� The dimension of the square matrix A is called the
state space dimension�

A realization of a �xed rational function is not unique� Two realizations
� � �A�B�C�D� and �� � �A�� B�� C�� D�� are called similar� if D � D��
the state space dimensions of � and �� are equal to n� and there exists an
invertible transformation S � Rn�n such that the relations

A � SA�S
��� B � SB�� C � C�S

��

hold�

Furthermore � is called a dilation of ��� or �� is called a reduction of ��
if D � D� and for suitable matrices A�� A�� A�� A�� A	� B�� C�� the following
equalities hold

A �

��A� A� A�

� A� A�

� � A	

�A � B �

��B�

B�

�

�A � C �
�
� C� C�

�
�

The following theorems give some results about realizations of rational func

tions and when we can expect them to be controllable and observable�

A system � and its reduction �� realize the same rational matrix valued
function r���� as the following calculation shows� Assume � to be given as
above� Then it realizes the function

r��� � D �
�
� C� C�

����I �
��A� A� A�

� A� A�

� � A	

�A�A����B�

B�

�

�A �
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Computing the inverse gives

r��� � D �
�
� C� C�

��� ��I � A��
��

A� A�

� ��I � A��
��

A�

� � ��I � A	�
��

�A��B�

B�

�

�A
� D � C� ��I � A��

��
B��

for some matrices A�� A� and A�� The last line is the rational matrix valued
function realized by the reduction ���

Theorem �	�	 A proper rational matrix valued function r��� allows a real�
ization� Furthermore� if �A�B�C�D� is a realization of r���� then

lim
j�j��

r��� � D�

Theorem �	�	 Two controllable and observable realizations of the same ra�
tional matrix valued function are similar and the corresponding transforma�
tion is unique�

A realization � is called minimal� if all realizations of the same rational
matrix valued function have state space dimension greater than or equal to
the state space dimension of ��

Theorem �	�	 A realization is minimal� if and only if it is controllable and
observable�

�	�	� A Realization using the Hamiltonian

Let be given a linear quadratic control problem with the system � � �A�B�
and the cost function matrices R and Q� Furthermore we suppose that the
assumptions of Theorem ��� hold� Then we introduce the rational matrix
valued function

Z��� � R �
�
� B�

��
�I �

�
A �
�Q �A�

�����
B

�

�
�����

� �� B���� A����Q��� A���B�

and consider some properties of it� A short calculation establishes its inverse
to be the following function

Z����� � R�� �R��
�
� B�

��
�I �

�
A �BR��B�

�Q �A�
�����

B

�

�
R���
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If the realization ����� is minimal� then also the realization of the inverse
function Z����� is minimal� The poles of this inverse function are exactly
the eigenvalues of the Hamiltonian H which is associated with the given
problem� These poles are by de�nition the zeros of the function Z��� given
by ������

Under the assumption that ��H�
 ��A� � � the realization in ����� is mini

mal� Indeed� assume that �H� ��� B��� is not observable� which is equivalent
to �H�� ��� B���� not controllable� Then� by Theorem ����

rank

�
H� � ��I�

�
�
B

��
� n

for some eigenvalue �� of H
�� Observe that then �� is an eigenvalue of H�

Hence� there exists a row vector �x�� y�� such that

�x�� y��

�
H� � ��I�

�
�
B

��
� ��

This leads to y�B � � and furthermore to x�A� � x���� Thus �� is an
eigenvalue of A� Since �� is also an eigenvalue of H by assumption� this
leads to a contradiction to ��H�
��A� � �� Thus �H� �� B��� is observable�
But then the realization is also controllable� since

rank

�
H � �I�

�
B

�

��
� n�
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� Perturbations of the Cost Function

��� General Assumptions

From now on we will always consider a linear quadratic control problem�
where the system is given in control canonical form and the cost function
matrixR is the identity matrix� We can assume this without loss of generality
because of the following calculation�

Assume a system � � �A�B� with state space dimension n and input di

mension m and the cost function matrices R 	 � and Q � � is given� Then
there exists a positive matrix P 	 � such that R � P �� Then P is invertible
and we can transform the input space with P��� Set A� � A� B� � BP���
R� � P��PPP�� � I and Q� � Q� Now we have a new linear quadratic
control problem�

The next step is to transform the pair �A�B� to control canonical form� To
do so we need a state space similarity� From Remark ��� we know that
there exists an invertible transformation T such that A� � T��A�T and
B� � T��B� are in control canonical form� Set Q� � T �QT and R� � R��
Then we get a new system �� � �A�� B�� in control canonical form� and with
the cost function matrices R� � I and Q� � ��

Now we assume that �A�B� is controllable and �A�Q� is observable� Then
also �A�� B�� and �A�� Q�� are controllable and observable respectively� So
we can apply Theorem ��� and �nd a stabilizing solution X� to the Riccati
equation

X�B�R
��
� B�

�X� �X�A� � A��X� �Q� � ��

Substituting the transformations T and P into this equation yields the fol

lowing Riccati equation

X�T
��BP���P��RP������T��BP����X�

�X�T
��AT � �T��AT ��X� � TQT � ��

By expanding the parenthesis and multiplying from the left with �T���� and
from the right with T�� we get the following equation �

�T����X�T
��BR��B��T����X�T

�� � �T����X�T
��A

�A��T����X�T
�� �Q � ��

From this equation we see that X � �T����X�T
�� is a solution to the Riccati

equation associated with the original linear quadratic control problem�
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Because X� is the stabilizing solution� A� � B�R
��
� B�

�X� is stable� Substi

tuting the transformations T and P into this term and multiplying from the
left with T and from the right with T�� yields

A�BR��B��T����X�T
�� � A�BR��B�X�

Since the last matrix was derived by a similarity transformation from A� �
B�R

��
� B�

�X� � it has the same eigenvalues as the latter one� Hence X is the
unique stabilizing solution to the Riccati equation of the original problem�

This shows that it is enough to investigate solutions of linear quadratic con

trol problems� where the system is given in control canonical form and the
cost function matrix R is the identity matrix�

Furthermore we will also assume that the rank of B � Rn�m is equal to m

and hence m � n� To see this� assume �A�B� is given in control canonical
form� If the rank of B is less then m the system has the form

�x � Ax �Bu � Ax �
�
B� �

�� u�
u�

�
� Ax �B�u��

So we may assume from the beginning that B � B��

��� Perturbations of the Cost Function

In this subsection we study the asymptotic behaviour of the solution of the
linear quadratic problem� abbreviated with LQ problem� for a certain per

turbation of the cost function Q� This will be done for one dimensional input
systems�

We assume a controllable system � � �A�B� where A � Rn�n and B � Rn�� �
The matrix Q of the cost function is a positive semi
de�nite matrix and R

is a positive real number� which we scale so that R � �� Furthermore� by
Section ��� we can assume without loss of generality that the matrices are
given in the control canonical form

A �

�BBBBB�
� � � � � � �
���

� � � � � �
���

� � � � � � �
� � �
�a� �a� � � � �an�� �an

�CCCCCA B �

�BBB�
�
���
�
�

�CCCA �
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We perturb Q with a positive semi
de�nite matrix Q� as

Q�
� � Q � 
Q� � 
 � ��

The perturbation matrixQ� is chosen such thatQ�BA
j � � for j � �� � � � � n�

�� A short calculation yields that the only non
zero entry in Q� is the entry
in the left upper corner� which we choose to be �� so that

Q� �

�BBB�
� � � � � �

� �
���

���
� � �

� � � � �

�CCCA �

By Theorem ���� there exists an unique solution X to the Riccati equa

tion� such that A � BB�X is stable and the cost function is minimized for
this feedback control� We are interested in the behaviour of the closed loop
eigenvalues for 
�
� The closed loop eigenvalues are precisely the stable
eigenvalues of the Hamiltonian associated with the LQ problem� Hence we
investigate the behaviour of the eigenvalues of the perturbed Hamiltonian
H�� We will use the characteristic polynomial to do that�

�	�	� The Characteristic Polynomial of the Hamiltonian

The Hamiltonian matrixH� associated with the perturbed problem takes the
following form

H� �

�BBBBBBBBBBBBBBBBB�

� � � � � � � � � � � �
���

� � � � � �
���

���
� � � � � � �

���
� � �

� � � � �
�a� �a� � � � �an�� �an � � � � � ��

�q��� � 
 �q��� � � � �q��n�� �q��n � � � � � a�

�� � � � � a�
���

� � �
��� �

� � � � � �
���

���
���

� � � � an��
�q��n � � � �qn�n � � � � � �� an

�CCCCCCCCCCCCCCCCCA

�
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The Hamiltonian of the original problem will be denoted by H� Furthermore�
we denote the characteristic polynomial of a matrix A by pA���� where

pA��� � det�A� �I� � jA� �Ij�

We can split up the determinant into a sum of two by splitting the �rst
column into the sum of two vectors� Thus the characteristic polynomial
of the perturbed Hamiltonian H� is the sum of the determinants of these
matrices�

pH�
��� � jH � �Ij�

																							

� � � � � � � � � � � �
��� �� � � �

���
���

� � � � � � �
���

� � �

� �� � � �
� �a� � � � �an�� �an � � � � � � � ��
�
 �q��� � � � �q��n�� �q��n �� � � � � a�
� �� �� � a�
���

� � �
��� �

� � � � � �
���

���
���

� � � �� an��
� �qn�� � � � �qn�n � � � � � �� an � �

																							

�

Next we develop the second determinant with respect to the �rst column�
Then it becomes

����n
�


																					

� � � � � � � � � � �

�� � � �
���

���

�
� � � � � � �

���
� � �

��� �� � � �
�a� � � � �an�� �an � � � � � � � ��
�q��� � � � �q��n �� �� � a�
���

� � �
��� �

� � � � � �
���

���
��� �� �� an��

�qn�� � � � �qn�n � � � � � �� an � �

																					

�

We develop the determinant further with respect to the �rst row� which in
turn yields a matrix where the �rst row has only one entry� By repeating
this calculation we can eliminate the left half of the matrix and arrive at the
following expression
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����n
�


											

� � � � � ��
�� �� � a�

�
� � � � � �

���
���

��� �� �� an��
� � � � � �� an � �

											
�

Now� following the same procedure with the columns we can reduce the
matrix to the scalar �� in the upper right corner without changing the sign
of the determinant� Thus this term becomes ����n
 and we can write the
characteristic polynomial of H� as

pH�
��� � pH��� � ����n
�

The constant term of the characteristic polynomial of H is the product of
the eigenvalues of H which are distributed symmetrically with respect to the
imaginary axis� Denote the eigenvalues of H by �k� k � �� � � � � �n� Thus the
constant term p� becomes

p� �
�nY
k��

�k �
nY

j��

��j����j� � ����n
nY

j��

j�jj��

and has the same sign as the perturbation 
� Thus we can write the charac

teristic polynomial of the perturbed matrix as

pH�
��� � ��n � pn���

��n��� � � � �� ����n�p� 
� �����

for some positive p �
Qn

j�� j�jj� and constants pi� i � �� � � � � n� The fact

that only powers of �� appear in the polynomial follows from the symmetric
distribution of the eigenvalues of H� Note that for 
�
 the constant term
is always nonzero� thus for all positive 
 no eigenvalue is equal to zero�

�	�	� Zeros of the Perturbed Polynomials

The following lemma describes the e�ect of the perturbation 
 on the zeros
of the perturbed polynomial�
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Lemma �	�	 For every real valued polynomial p��� � ��n � pn���
��n��� �

� � � � ����np�� p� 	 � and every real � with � � � � � the following holds�
There exists a constant N such that for all p� 	 N there is a one�to�one
correspondence between the zeros �k of p��� and the zeros 
k of q��� � ��n�
����np� such that for corresponding zeros the relation j�k � 
kj � �R holds�

where R � p
�
�n
� sin

�
�
�n

�
�

Proof� We apply Rouche�s Theorem to show that in a certain disk around a
zero 
k of q ��� there is exactly one zero of p ����

The zeros of q ��� are 
k � p
�
�n
� e

��k�n���i�
�n � Fix R such that

R �
�

�
�min

i��j
j
i � 
jj�

The zeros 
k are evenly distributed on a circle with center � and the minimum
is equal to the distance of two consecutive zeros�

min
i��j

j
i � 
jj � jp�j �
�n je ��k�n���i�

�n jj�� e
i�

n j � �p
�
�n
� sin


 �

�n

�
So R � p

�
�n
� sin

�
�
�n

�
�

Fix a zero 
k of q ���� We compare jp ���� q ��� j and jq ��� j on a circle with
center 
k and radius �R� For � on this circle� j
kj � �R � j�j � j
kj � �R

holds� Moreover the distance to the �xed zero 
k is �R and to any other zero
it is less or equal to R� Hence� we can estimate jq ��� j as follows

jq ��� j �
�nY
i��

j�� 
ij � � �R��n � p��


sin

 �

�n

���n
�

First we take p� large enough so that on the circle with center 
k and radius
�R there are no values � with j�j � �� This condition yields a lower bound
for p� since

j�j � j
kj � �R � p
�
�n
� � �p

�
�n
� sin


 �

�n

�
� p

�
�n
�



�� � sin


 �

�n

��
�

The last term is greater than or equal to one� if

p� � ��
�� � sin

�
�
�n

���n �� N�
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holds� We can estimate the modulus of the di�erence for j�j � � with the
following chain of inequalities�

jp ���� q ��� j � jpn�����n��� � � � �� p��
�j � j���n���j

n��X
i��

jpij

� �j
kj� �R���n���
n��X
i��

jpij �


� � � sin


 �

�n

��n��
n

p
n��
n

�

n��X
i��

jpij

Hence jp ���� q ��� j � jq ��� j holds� if


� � � sin


 �

�n

��n��
n

p
n��
n

�

n��X
i��

jpij � p��


sin

 �

�n

���n
�

This is true for

p� 	

�
� � � sin

�
�
�n

��n�� �Pn��
i�� jpij

�n
�n
�
sin
�
�
�n

���n �� N�� �����

The estimation of the modulus of the di�erence of the two polynomials re

quires that j�j � �� which is equal to p� � N�� Set

p� 	 N �� maxfN�� N�g�
Then the last inequality is true for all � on the circle with center 
k and
radius �R�

Now we apply Rouche�s Theorem and can conclude that p ��� has the same
number of zeros as q ��� in the circle with center 
k and radius R� R was
chosen such that q ��� has 
k as its only zero in this circle and therefore p ���
has one zero there too� The zero 
k of q ��� was chosen arbitrarily� therefore
for p� 	 N we have a bijective mapping between the zeros �k of p ��� and 
k
of q ��� such that j�k � 
kj � �R holds�

Note that the �rst constant N� tends to � for � � �� whereas the constant
N� grows rather fast� So for small � or large p� the second bound will be
important�

�	�	� Asymptotics of the Eigenvalues of the Closed Loop System

We want to conclude with a Theorem giving more general information about
the behaviour of the closed loop eigenvalues�
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Theorem �	�	 Let � � �A�B� be a controllable system with state space
dimension n and one dimensional input� Let Q be a positive semi�de�nite
matrix� let �A�Q� be observable and R � �� Furthermore we assume without
loss of generality that � is given in control canonical form� Perturb the
matrix Q with a matrix Q��
� that has the form

Q��
� �

�BBB�

 � � � � �

� �
���

���
� � �

� � � � �

�CCCA �

Let �k� k � �� � � � � n � �� be the eigenvalues of the closed loop system given
by the solution to the LQ problem de�ned by �� R and Q�Q��
�� Then for
all real values � with � � � � � and for 
 larger than some constant N � the
following statements hold�

�i� Denote by 
k� k � �� � � � � n � � the zeros of the polynomial ��n �
����n�p� 
� in the open left half plane� Then

lim
���

j
k � �kj � �

for an appropriate numbering of the eigenvalues of the closed loop sys�
tem�

�ii� De�ne � by sin��� � � sin� �
�n
� and � � � � �

�
� Furthermore� let

�� � � � � n��
�n

� Then all �k are in the sector

fz � C j j arg zj � ��g � fz j j arg z � �j � ��g � �����

�iii� The real parts of the eigenvalues of the closed loop system are bounded
by

�C


� � � sin


 �

�n

��
� ���k� � �C sin


 �

�n

�
��� �� � �����

where C � �p� 
�
�
�n �

Proof� Let H� denote the Hamiltonian of the perturbed LQ problem� By
Theorem ��� and Section ��� we have to study the eigenvalues of H�� Section
����� yields that ����� is the characteristic polynomial pH�

��� of H��

Now we can apply Lemma ��� and can compare the zeros of the characteristic
polynomial ����� of H� with the polynomial q��� � ��n � ����n�p � 
�� We



��� Perturbations of the Cost Function ��

denote the zeros of pH�
��� by �k and the zeros of q��� by 
k� By Lemma ����

the inequality

j�k � 
kj � � �p� 
�
�
�n sin


 �

�n

�
� �R ���	�

holds� for an appropriate numbering of the zeros and if p� 
 is greater some
constant N � The number p equals the modulus of the determinant of H� the
unperturbed Hamiltonian�

�i� Set

� �
�

�p� 
�
�
�n sin� �

�n
�
�

where � 	 � 	 �� Then the lower bound N� of equation ����� for �p � 
�
becomes

N� �

�p� 
�
�
n

�
� � �

�p
��
�
�n

�n�� �Pn��
i�� jpij

�n
�n
�
sin
�
�
�n

���n � �p� 
�
�
n �n��

�Pn��
i�� jpij

�n
�n
�
sin
�
�
�n

���n �

The last estimate holds for p � 
 	 �� Comparing the last term with p � 
�
yields a new lower bound N� for p � 
 �

�p� 
�
�
n�n��

�Pn��
i�� jpij

�n
�n
�
sin
�
�
�n

���n � �p� 
�

and hence

N � ��
�n��

�Pn��
i�� jpij

�n
�n
�
sin
�
�
�n

���n � �p� 
�
n��
n �

Using inequality ���	� the distance between the two zeros is

j�k � 
kj � ��

if p� 
 is greater or equal to N
n

n��

� � Hence statement �i� holds�

�ii� Fix a zero 
k � �p� 
�
�
�n e

��k�n���i�
�n of q ��� in the left half plane� De�ne

� by sin� � � sin
�
�
�n

�
and � � � � �

�
� From ���	� it follows that the zero

�k is in the sector�
z � C j � �

				arg z � ��k � n� �� �

�n

				
 �

This can easily be deduced from some simple geometric considerations� Then
this sector is a subset of the sector ������ Thus all stable eigenvalues of H�

are in the sector ������
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�iii� The real part of a zero 
k of q��� is

��
k� � �p� 
�
�
�n cos

�
��k � n� ���

�n

�
� �p� 
�

�
�n sin

�
��k � �� �

�n

�
From ���	� we get the following bounds for the real parts of the closed loop
eigenvalues �k� because they lie inside of circles around the numbers 
k �

��
k�� �R � ���k� � ��
k� � ��

Substituting for �R and 
k the left inequality becomes

�p� 
�
�
�n

�				sin���k � ���

�n

�				� � sin

 �

�n

��
� ���k�

and the right inequality becomes

���k� � �p� 
�
�
�n

�				sin���k � ���

�n

�				� � sin

 �

�n

��
�

To �nd simultaneous bounds for all stable eigenvalues� we maximize the
upper bound and minimize the lower bound by looking at the zeros 
k�

The lower bound is minimized by zeros closest to the real axis� For n even
these zeros are 
n��

�
and 
n

�
� and the bound becomes

� �p� 
�
�
�n



cos

 �

�n

�
� � sin


 �

�n

��
�

For n odd there is one zero 
n��
�

in the open left half plane that lies on the

real axis� The bound computes to

� �p � 
�
�
�n



� � � sin


 �

�n

��
�

This value is smaller than the value for n even and thus yields the simulta

neous bound�

The upper bound is maximized for zeros 
k closest to the imaginary axis�
These are 
� and 
n�� and the upper bound has the value

� �p� 
�
�
�n sin


 �

�n

�
��� �� �

These are the bounds of the strip ������
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� Pole Placement for One Dimensional Input

In this section we prove a theorem for pole placement in the case of a system
with a one dimensional input� This theorem will yield a cost function matrix
Q which solves the pole placement problem when possible� Furthermore we
characterize all possible matrices Q that solve the pole placement problem
for a �xed set of eigenvalues� if such a Q exists�

��� Main Theorem

Throughout this chapter we will assume that � � �A�B� is a controllable
system with one dimensional input and state space dimension n� The system
is given in control canonical form� The numbers ai� i � �� � � � � n� denote
the elements of the last row of the system matrix A� The matrix R of the
cost function is R � ���� This can be assumed without loss of generality� see
Section ���� Then the following theorem gives conditions for pole placement
by choosing a cost function matrix Q and describes an algorithm to �nd Q�

Theorem �	�	 Let ��� ��� � � � � �n be n complex numbers in the open left half
plane such that neither �i nor ��i are eigenvalues of the system matrix
A and that

Qn

i���� � �i� is a real polynomial� Then there exists a positive
semide�nite matrix Q such that the closed loop eigenvalues of the LQ�optimal
system with respect to the matrices R � ��� and Q are ��� ��� � � � � �n� if and
only if

r��� � ����n
nY
i��

��� �i���� �i�� pA���pA���� �����

is nonnegative on iR�

Proof� Recall that the real rational function Z��� is given by

Z��� � �� B���� A����Q��� A���B�

Using Cramers rule we rewrite this as

Z��� �
pA���pA���� �B����� A��yQ��� A�yB

pA���pA����
�

where Y y denotes the matrix such that Y Y y � det�Y �I holds�
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Now assume that there exists a positive semide�nite matrix Q such that the
eigenvalues of the closed loop system are ��� ��� � � � � �n� Then the Hamilto

nian H has the eigenvalues ��� ��� � � � � �n� �������� � � � ���n� By assump

tion ��H�
��A� � � holds and the eigenvalues are precisely the zeros of the
function Z����

The leading coe�cient of the polynomial in the numerator of Z��� is ����n�
Thus the numerator is of the form ����nQn

i������i�����i�� Then it follows
from the de�nition of Z��� that

r��� � B����� A��yQ��� A�yB

holds� We choose � � i�� where � is a real number� and obtain

r�i�� � B���i� � A��yQ�i� � A�yB � ��i� � A�yB��Q�i� � A�yB�

Since Q is positive semide�nite� the last term is also positive semide�nite�
Hence r��� is nonnegative on iR�

Conversely assume that r��� is nonnegative on iR� Because its values are
real for all imaginary numbers� its zeros are symmetric with respect to the
imaginary axis� Furthermore it is nonnegative and therefore allows the de

composition

r��� � v���v�����

where v��� is a real polynomial� This is true� since r��� is a real polynomial
and thus its zeros also are symmetric with respect to the real axis� Further

more� r��� and hence also v��� have no common zeros with pA���� Therefore

no pole zero cancellation occurs in the real rational function v���
pA���

� and it
admits a minimal realization

v���

pA���
� eS��� eA��� eB�

where eA is similar to A� Since this is a minimal realization� eA and eB are
controllable� Thus we can transform this realization to control canonical
form� This yields a new realization in terms of the matrices A and B� because
we assumed that the system is given in control canonical form� So there exists
a regular matrix T such that

eA � TAT��� eB � TB� eS � ST��

hold�



��� Main Theorem ��

The matrix T can be computed in the following way � Let T�� T�� � � � � Tn be
the column vectors of T � a similar notation is used for the other matrices� The
second equation shows that Tn � eB holds� Furthermore the �rst equation
can be written as eAT � TA� From these two equations it follows that
Tn�� � � eA� Ian� eB � eATn � an eB� Looking consecutively at the columns of

T � we �nd the recursion Tn�k�� � eATn�k � an�k eB for the column vectors of
T � The transformation matrix is regular because eA and eB are controllable�

Transforming the state space of the realization with T yields a new minimal
realization in terms of A� B and S� Furthermore� if we compute the Hermitian
transpose of the rational function v���

pA���
and its realization we get

v���

pA���
� B���� A����S��

Replacing � by �� gives

v����
pA����

� B����� A����S��

Computing the product of these two realizations and adding � gives the real
rational function associated with an LQ
problem for the system �A�B�� This
function has exactly the zeros ��� ��� � � � � �n��������� � � � ���n� since

� �B����� A����S�S��� A���B � � �
v���v����
pA���pA����

�
pA���pA���� � v���v����

pA���pA����
�

pA���pA���� � r���

pA���pA����
�

����nQn

i����� �i���� �i�

pA���pA����
holds�

Setting Q � S�S� we have found a positive semide�nite matrix such that the
eigenvalues of the Hamiltonian of the LQ problem are exactly the zeros of the
above real rational function� Furthermore �A�Q� is observable because �A� S�
is observable which follows from the fact that A�B and S give a minimal
realization� Thus the eigenvalues of the resulting closed loop system are
precisely ��� ��� � � � � �n�
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This theorem shows the existence of a cost function matrix Q or rank �� that
solves the pole placement problem under certain conditions� However� the
computed Q is not unique because it depends on a factorization of a certain
rational function and� in the general case� this factorization is not unique�
We are interested in a description of all possible matrices Q�

��� Characterizations of Solutions

We will start with a result about the relation between two di�erent solu

tions to the pole placement problem and then derive from that a complete
characterization�

Theorem �	�	

�a� Let Q�� Q� be two di�erent solutions to the pole placement problem as
in Theorem ���� Then Q � Q� �Q� satis�es

�B���� A����Q��� A���B � �� �����

�b� Let Q� be a solution to the pole placement problem of Theorem ���� Let
Q be a hermitian matrix of same size as Q� such that Q��Q is positive
semide�nite and that Q meets the equation ������ Then Q� � Q� � Q

is also a solution to the pole placement problem�

Proof� First let Q�� Q� be two di�erent solutions to the same pole placement
problem� From Theorem ��� it follows that the Hamiltonians for both ma

trices have the same eigenvalues and� furthermore� that these eigenvalues are
not eigenvalues of A or A�� So we see that the two rational functions

Z���� � ��B���� A����Q���� A���B�

Z���� � ��B���� A����Q���� A���B

have the same zeros and poles because these are exactly the eigenvalues of
the Hamiltonians and of A or A�� respectively� Furthermore the leading
coe�cients of both functions are equal� Hence these two rational functions
are equal and satisfy the relation

Z����� Z���� � �B���� A�����Q� �Q����� A���B � ��

Set Q � Q� �Q� and the �rst statement follows�
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Now let Q� be a solution of the pole placement problem� Furthermore� let Q
be as required� Set Q� � Q� �Q which is positive semide�nite� Then

��B���� A����Q���� A���B � �� B���� A�����Q� �Q���� A���B

� ��B���� A����Q���� A���B � B���� A����Q��� A���B

� ��B���� A����Q���� A���B

and Q� is also a solution to the pole placement problem� because it yields
the same rational function as Q��

The next theorem gives a characterization of all matrices which meet the
equation ����� in terms of their elements�

Theorem �	�	 A matrix Q � Rn�n satis�es the equation

�B���� A����Q��� A���B � ��

if and only if its elements qi�j� i� j � �� � � � � n� satisfy the conditions �

kX
i��

����k�iqk�i
��i � � for k � �� � � � � n�

nX
i�k�n
�

����i
nqi�k�i
� � � for k � n � �� � � � � �n� ��

Proof� To prove this theorem we will compute �rst the matrices ���A���B
and �B��� � A����� Observe that �B��� � A���� � ����� A���B�

�
for

real �� Let V � ��� A���B and eV � �B���� A�����

Since the matrices A and B are in control canonical form� the product
�� � A���B yields the last column vector of ��� A���� Then the following
relation holds �

B � ��� A�V�

This leads to a set of equations for the elements vi of V �

�v� � v�

�v� � v�
���

�vn�� � vn

a�v� � a�v� � � � �� anvn � �vn � ��
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Recursively substituting v� into these equations� we �nd

v��a� � �a� � ��a� � � � �� �n��an � �n� � ��

Thus the vector V takes the form

V �
����n
pA���

�BBB�
�
�
���

�n��

�CCCA �

Further� the second matrix �B���� A����� denoted by eV � becomes

eV �
����n
pA����

�
�� ��� ��� � � � � ����n���n�� � �

The condition on Q is now

�����n
pA����pA���

�
�� ��� ��� � � � � ����n���n�� �Q

�BBB�
�
�
���

�n��

�CCCA � ��

The left hand side is a rational function and this relation holds if and only
if the numerator of this function is equal to �� The numerator equals the
matrix product� because all terms of the denominator are in the product
of the characteristic polynomials� Computing this product and ordering for
powers of � yields the conditions of the theorem�

Remark �	�	 The conditions of Theorem ��� state that the sums of elements
with alternating signs of the antidiagonals of Q are equal to �� Here we call
diagonal lines running from the lower left to the upper right antidiagonals�
contrary to the ordinary diagonals of a matrix� By de�nition� hermitian
matrices meet these conditions for all antidiagonals that do not contain a
diagonal element of the matrix� Furthermore the elements in the upper left
and in the lower right corner are always equal to �� Hence� a hermitian
matrix which meets these conditions can never be de�nite�

The Theorems ��� and ��� yield a complete characterization of the solutions
to the pole placement problem� Assume we have computed a solution Q� by
Theorem ���� Denote by S the set of all matrices Q� � Q� where Q meets
������ Then S contains all possible solutions� To see this� consider another
solution Q�� Then by Theorem ���� we conclude that the di�erence Q� �Q�

meets ������ Hence Q� � S�
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��� Eigenvalue Conditions

The question arises if the condition on the polynomial r��� de�ned by �����
can be reformulated in terms of the numbers chosen for the pole placement
problem� In other words� whether conditions on the eigenvalues of the re

sulting closed loop system can be stated� The following corollaries give some
answers to this question� In the following we use the notation from Theorem
����

Corollary �	�	

�a� If the coe�cients of the polynomial r��� de�ned by ����� have alternat�
ing sign� with the constant coe�cient being positive� then it is positive
semide�nite on iR�

�b� If the condition of Theorem ��� holds� the eigenvalues of the optimal
system satisfy the inequality

nY
i��

j�ij� � det�A��� �����

Proof� The assumption of statement �a� is that r��� has the form

r��� � ����nrn��n � ����n��rn����n�� � � � �� r��
� � r��

where ri� i � �� � � � � n� are nonnegative real numbers� Evaluating this for an
imaginary number i�� where � is real� yields

r�i�� � ����nrni�n��n � ����n��rn��i�n����n�� � � � �� r�i
��� � r� �

� ����nrn����n��n � ����n��rn������n����n�� � � � �� r��
� � r��

which is clearly nonnegative for all real numbers ��

To prove statement �b� observe that the constant terms of both pA��� and

pA���� are det�A�� Thus the constant term of r��� is

����n
nY
i��

���i��i � det�A�� �
nY
i��

j�ij� � det�A���

If the condition of Theorem ��� holds� r��� is positive semide�nite on iR�
Evaluating r��� at � yields

r��� �
nY
i��

j�ij� � det�A�� � ��

from which the inequality ����� follows�
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Corollary �	
	 Let the dimension of the system � be n � �� Let ��� ��
be either two complex conjugate numbers in the open left half plane� or two
negative real numbers� Then the condition of Theorem ��� holds� if and only
if the following inequalities hold �

���� � j det�A�j
��� � ��� � tr�A�� � � det�A�

Proof� Denote c� � det�A� and c� � � tr�A�� Then the characteristic poly

nomial equals pA��� � �� � c��� c��

First assume that ��� �� are two complex conjugate numbers� We denote
a � ����� and b � ������ Observe that ���� � a��b� and �����

�
� � ��a��b��

hold�

Now r��� becomes

r��� � ��� a� ib��� � a� ib���� a� ib��� � a� ib�� pA���pA����
� �� � ��a� � b���� � �a� � b��� � �� � ��c� � c����

� � c��

� ������a� � b�� � �c� � c��� � �a� � b��� � c���

The condition of Theorem ��� states that r��� � � for � � ix where x � R�
This computes to

x����a� � b�� � �c� � c��� � �a� � b��� � c�� � � for �x � R�

Evaluating this inequality for x � � and x large enough yields that the last
inequality holds if and only if

�a� � b��� � c�� and ��a� � b�� � c�� � �c�

hold� Following the observation from the beginning� these inequalities are
equivalent to the inequalities of the proposition�

If ��� �� are two negative real numbers� r��� becomes

r��� � ��� ������ ������ ������ ���� pA���pA����
� ���c� � c�� � ��� � �����

� � ����
�
� � c��

Again for � � ix where x � R this computes to

x����c� � c�� � ��� � ���� � ����
�
� � c���

With the same argument as before this is greater or equal to zero� if and only
if

��� � ��� � c�� � �c� and ���� � jc�j
hold�
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� Pole Placement for Multi Dimensional

Input

In this section we will establish an algorithm for a cost function matrix Q

that solves the pole placement problem for multi dimensional input systems�
The algorithm is based on an algorithm for pole placement by use of a Schur
method� which originates from A� Varga� see �	�� That algorithm is modi�ed
to �t our requirements for linear quadratic optimal control�

��� Pole Placement

Given a controllable system � � �A�B�� where A � Rn�n � B � Rn�m and
rank�B� � m 	 �� and a set of n complex numbers �i� i � �� � � � � n in
the open left half plane� we ask for a cost function matrix Q such that the
eigenvalues of the closed
loop system that minimizes the cost function are
exactly the given complex numbers� Without loss of generality� let R be the
identity matrix to de�ne the linear quadratic control problem properly� It
follows from the results of Section ��� that this is possible�

By Theorem ���� we have to �nd a pair of matrices Q and X such that X
meets the Riccati equation XBB�X �XA� A�X � Q and the eigenvalues
of A � BB�X are exactly the numbers �i� i � �� � � � � n� The cost function
matrix Q has to be positive semi
de�nite and X hermitian� Furthermore
�A�Q� must be observable�

The algorithm decomposes the system matrix into smaller � � � or � � �
blocks and solves the pole placement problem for each of these blocks� This
yields a cost function matrix and feedback control matrix in each step� which
sum up to the matrices of the overall solution�

��� The Real Schur Form

The algorithm uses a special canonical form for real matrices� the real Schur
form� We give a short description of this form and develop the consequences
for our problem�

Theorem �	� 
Real Schur Form�	 Let A � Rn�n � Then there exists an
orthogonal similarity transformation U such that UAUT is quasi�upper tri�
angular and has only �� � or �� � blocks on the diagonal� corresponding to
real or to complex conjugate eigenvalues� respectively� Moreover� U can be
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chosen so that the �� � or �� � blocks on the diagonal appear in any desired
order�

The proof of this theorem together with an algorithm to compute it can be
found in ����

Now we establish relations between the properties of the system matrices
and the blocks of the Schur form� The �rst lemma contains a result on
controllability of blocks of the system matrix� Its proof is simple�

Lemma �	�	 If the pair �A�B� is controllable� where

A �

�
A� A�

� A�

�
B �

�
B�

B�

�
�

then �A�� B�� is controllable�

The next step is to look at the Riccati equation for a single block of the
system matrix and its relation to the Riccati equation for the overall system�

Remark �	�	 Let A and B be de�ned as in Lemma ���� If we take a her

mitian matrix X of the form

X �

�
� �
� X�

�
where X� has the same size as A�� then the conditions on X� outlined in
Section ���� take the following form� The matrix of the closed loop system is

A� BB�X �

�
A� A�

� A�

�
�
�
B�B

�
� B�B

�
�

B�B
�
� B�B

�
�

��
� �
� X�

�
�

�
A� A� � B�B

�
�X�

� A� � B�B
�
�X�

�
and the algebraic Riccati equation is

XBB�X �XA� A�X �

�

�
� �
� X�B�B

�
�X�

�
�
�
� �
� X�A�

�
�
�
� �
� A��X�

�
� Q�

If there is an X such that the Riccati equation holds for the positive semi

de�nite matrix Q� then this matrix X shifts only eigenvalues of the block A��
Moreover the problem of �nding such a matrix X is reduced to �nd a matrix
X� such that A� � B�B

�
�X� has the required eigenvalues and X�B�B

�
�X� �

X�A� � A��X� � Q� holds� where Q� is the corresponding block of Q�
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Then we have to consider how two such solutions for two blocks can be added
to yield a common solution for both blocks�

Remark �	�	 Let �A�B� be controllable� but no special structure is as

sumed� Furthermore let X� be a hermitian matrix such that A� �� A �
BB�X� shifts some eigenvalues of A and X�BB

�X� � X�A � A�X� � Q�

holds� and let X� be another hermitian matrix such that A� �� A��BB�X�

shifts again some eigenvalues of A� andX�BB
�X��X�A��A��X� � Q� holds�

Both Q� and Q� are positive semi
de�nite matrices� Let X �� X��X�� Then
X itself shifts the eigenvalues of A to those of A� because

A� � A� �BB�X� � A�BB�X� �BB�X�

� A�BB��X� �X�� � A� BB�X

holds� Furthermore the Riccati equation for X holds with Q � Q� �Q� �

X� BB
�X� �X�A� � A��X� �X�BB

�X� �X�A� A�X�

� X�BB
�X� �X��A�BB�X��� �A� �X�BB

��X�

�X�BB
�X� �X�A� A�X�

� �X� �X��BB
��X� �X��� �X� �X��A� A��X� �X�� � Q� �Q��

��� The Reduced Pole Placement Problem

Now we deal with the problem reduced to single blocks of the system matrix�
We want to �nd matricesX andQ for systems of state space dimension one or
two� Let p be the dimension of the state space and p � � or p � �� Let �A�B�
be controllable� where A � Rp�p and B � Rp�m and let �i� i � �� � � � � p� be
complex numbers symmetrically distributed with respect to the real axis�
and r � rank�B��

First we compute the orthogonal factorization

B � U

 eB �

�
V T

where eB � Rp�r is upper right triangular� and U � Rp�p and V � Rm�m are
orthogonal matrices� Furthermore we compute eA � UTAU �

It is now possible to reduce the problem to the controllable pair � eA� eB� be

cause 
 eB �

�
 eB �
��

� eB eB�
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and thus the pole shifting equation and the Riccati equation are the same
for the matrices � eB � � and eB and any solution eX for one of them is also a
solution for the other� Now we have to consider the cases of the input matrixeB being invertible or not�

�	�	� Invertible Input

Assume we have found a hermitian matrix eX such that eA � eB eB� eX � C

where C has the desired eigenvalues and eX eB eB� eX � eX eA � eA� eX � eQ 	 ��
The strict inequality is used to achieve observability of � eA� eQ�� Then eX is
the solution of the Riccati equation associated to the linear quadratic control
problem with the cost functions eR � I and eQ�
Since eB is invertible� these two assumptions are equivalent to

eX � � eB eB����� eA� C� �����

and� by substituting into this the Riccati equation�

eX� eB eB� eX � eX� eA� eA� eX � eQ 	 �

�� � eA� � C��� eB eB���� eB eB�� eB eB����� eA� C�

�� eA� � C��� eB eB���� eA� eA�� eB eB����� eA� C� 	 �

�� C�� eB eB����C 	 eA�� eB eB���� eA
Hence the following two conditions are su�cient and necessary for the exis

tence of eX �

� eB eB����� eA� C� is hermitian �����

C�� eB eB����C 	 eA�� eB eB���� eA �����

In the case p � � this is reduced to eA � ���� eB � ���� C � ��� and the
condition becomes

��

��
	

��

��
� �� 	 �� � j�j 	 j�j�

The case p � � is not so straightforward� Two problems have to be solved�
Firstly we have to decide whether a matrix C exists that meets the two
conditions for a given pair of eigenvalues� Secondly we have to �nd such a
matrix�
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For given matrices A and B� and for two complex numbers ��� ��� the matrix
C has to meet the following conditions� The eigenvalues of C are ��� �� and
C meets the two conditions ����� and ������ where eA and eB are replaced by
A and B�

The eigenvalue condition ����� is equivalent to the following two equations �

c��� � c��� � �� � ���

c���c��� � c���c��� � �����

Condition ����� yields the following equation �

b����a��� � c���� � b����a��� � c���� � b����a��� � c���� � b����a��� � c�����

We can use these three equations to parameterize all matrices C meeting
these three equations� Substituting such a parametrization into condition
����� can be used to decide whether a matrix C meeting all conditions exists
and to compute it� if possible� By computing the main minors of the matrix
C��BB����C � A��BB����A� one can compute whether condition ����� is
met or not�

�	�	� Non Invertible Input

In this case p � � and eB �

�
�

�

�
holds because � eA� eB� are controllable and

therefore p � � is impossible� Then there exists a transformation T such that

A �� T eAT�� B �� TB

are in control canonical form� Now we apply Theorem ��� and get a positive
semi
de�nite matrix Q such that the stabilising solutionX places the poles of
the closed loop system in the desired places� Conditions on the eigenvalues
and locations of the poles are discussed in Corollary ��� which gives us a
complete characterization of the possible solutions�

By setting eX � T �XT we �nd a solution for this case� Furthermore� the cost
function matrix equals eQ � T �QT �

��� An Algorithm

The matrices A� B and R are given as in the beginning of this section� Let
�j� j � �� � � � � n be complex numbers symmetrically distributed with respect
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to the real axis in the open left half plane� Furthermore� neither �j nor ��j
are eigenvalues of A for j � �� � � � � n�

The syntax A � B denotes that the value of B is assigned to the variable
A� Then any further use of A references this new value�

Algorithm �	�	 Sequential Computing of a cost function matrix Q

which achieves Pole Placing

�� Reduce A to the real Schur form� accumulating the transformations in
K� set A� KAK� and B � KB�

�� Set X � � and Q � � where X�Q � R
n�n � and k � ��

�� Set A equal to the last block in A of order p � p � � or � � and set B
equal to the last p rows of B�

�� Compute a hermitian matrix X such that BB
�
X shifts the eigenvalues

of A to the numbers �j� j � k� � � � � k � p� � and

XBB
�
X �XA� A

�
X �� Q � �

holds� The new eigenvalues must meet some conditions outlined in Sec

tion ��� for such an X to exist� If there is no solution X the algorithm
stops without solving the problem�

	� Extend X and Q to n� n matrices by putting X and Q into the lower
right corner and choosing the other elements equal to zero� Compute
X � X �X� Q� Q�Q and A� A�BB�X�

�� Move the last block of A to position �k� k� accumulating the transfor

mations in K� and compute K � K�K� B � K�B� X � K�XK�

� and
Q� K�QK

�
� �

�� Set k � k � p� If k � n go to step �� otherwise continue to step 
�


� Set X � K�XK and Q� K�QK and stop�

The algorithm computes a matrix Q and the corresponding feedback matrix
X for the given system� The matrix K accumulates the orthogonal trans

formations and is used in Step 
 to transform X and Q back to the original
system� In Step 	 Remark ��� is used to combine the feedback and cost
function matrices yielding new ones shifting p more eigenvalues� Remark ���
and the conclusions of Sections ����� and ����� about systems of dimension �
or � are used in Step � to compute feedback and cost function matrices that
shift only one or two eigenvalues�
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Remark �	
	 The locations of the complex numbers �j is important in Step
�� where the existence of a stabilizing feedback matrix depends on the relation
between the original eigenvalues and these numbers� Thus the ordering of
the numbers �j and of the blocks in the real Schur form can have an in�uence
on the outcome of the algorithm� It is possible that the algorithm stops in
Step � without completing� if a certain order is used� whereas for a di�erent
order it may well �nish and compute a solution� Thus the algorithm might
be more suitable for an interactive execution� where the user can in�uence
the choice of the new eigenvalues�

��� Observability

In Theorem ��� it is assumed that the pair �A�Q� is observable� We will
show now that the cost function matrix Q computed by the above algorithm
meets this requirement� By Theorem ��� and the duality of controllability
and observability we have to show that for each eigenvalue �i� i � �� � � � � n�
of A the relation rank��A� �I�Q��� � n holds� This is equivalent to�

A� �I

Q

�
x �� �� x � R

n � x �� �� �����

Assume that �
A� �I

Q

�
x � �

for some vector x� Then if follows that x is an eigenvector to some eigenvalue
�i of A� Furthermore Qx � � holds�

The transformations of the algorithm do not change the eigenvector and
its eigenvalue� if the block corresponding to the eigenvalue is not changed�
Assume A is in Real Schur Form and the block Ajj corresponding to the
eigenvalue �i is not the last one� Then the eigenvector x has only nonzero
entries up to the row corresponding to the lower right corner of the block
Ajj� �B� � � �

���
���

� Ajj Ajj
�

� � Aj
�j
�

�CA
�B� ���
xj
�

�CA � �i

�B� ���
xj
�

�CA



��� Observability �


The pole placement transformation A � BF concerning the block Aj
�j
�

does not a�ect the eigenvector x��B� � � �
���

���
� Ajj Ajj
� �BjFj

� � Aj
�j
� �Bj
�Fj
�

�CA
�B� ���
xj
�

�CA �

�B� � � �
���

���
� Ajj Ajj
�

� � Aj
�j
�

�CA
�B� ���
xj
�

�CA�

�B� � � �
���

���
� � BjFj

� � Bj
�Fj
�

�CA
�B� ���
xj
�

�CA � �i

�B� ���
xj
�

�CA
Thus the transformations of the algorithm leave the eigenvector x and the
eigenvalue �i invariant as long as the block corresponding to the eigenvalue
�i is not changed� Also the partial cost function matrix Qj
� maps x to ��

Since we assume that the eigenvalues �i of the resulting closed loop system
are not equal to the original eigenvalues or the eigenvalues mirrored at the
imaginary axis� there is a step in the algorithm that changes the eigenvalue
�i� At this step the block Ajj corresponding to �i is in the lower right corner
of the system matrix and the algorithm yields a partial cost function matrix
Qj such that �Ajj� Qj� is observable�

Since x is an eigenvector of A� the restriction xj of x is an eigenvector of
Ajj� Thus� by observability� Qjxj �� � and� furthermore� Qx �� �� But this
is a contradiction to Qx � �� Thus �A�Q� is observable and we can apply
Theorem ����
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� Examples

In this section examples for the results obtained are given� These examples
were calculated using MapleV Release � with the precision set to twenty
digits� The numbers given are rounded to four decimals�

��� Perturbations of the Cost Function

We will consider the following controllable system � � �A�B� given in control
canonical form

A �

�� � � �
� � �
� �
 	

�A � B �

�� �
�
�

�A �

The system matrix A has the eigenvalues �� �� � and thus is unstable� More

over we consider an LQ problem with the cost function matrices

R � ��� and Q �

�� � � �
� � �
� � �

�A �

The pair �A�Q� is observable� hence by Theorem ��� there exists a feedback
control such that the resulting closed loop system is stable� Indeed� the
eigenvalues of the closed loop system are ���
���� �������� ����
	��
We perturb the cost function matrix Q by adding a positive value 
 to the
element in the upper left corner� Then the eigenvalues of the closed loop
system resulting from solving the perturbed LQ problem move towards the
zeros of the polynomial q��� � �	 � �p � 
� for 
 � 
� Figure � visualizes
the paths of the system eigenvalues in black and the paths of the zeros of
q��� in grey�

The lower bound for �p � 
� is �	������ The black crosses and grey circles
mark the locations of the system eigenvalues and the zeros of q��� for this
value� The circles show the areas� where exactly one eigenvalue of the system
must lie� Their centres are the zeros of q��� and their radius is 	�
����

��� Pole Placement for One Dimensional Input

The next example deals with pole placement for one dimensional input sys

tems� We consider the system � of the last section and the cost function
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Figure �� Eigenvalues under perturbation

matrix R � ���� We compute a cost function matrix Q such that �A�Q� is
observable and the closed loop system resulting from solving the LQ problem
has the eigenvalues ��� ��� i� �� � i�

The characteristic polynomial of A is

pA��� � �� � 	�� � 
�� ��

By Theorem ��� there exists such a matrix Q� if the term

r��� �� ����n
nY
i��

��� �i���� �i�� �pA���pA����

is nonnegative for all � � iR� The term r��� computes to

r��� � ��� � 		�� � ����

The zeros of r��� are ���
�� � ��
���i� ����
�� � ��
���i and therefore it
is nonnegative on �R� Thus the condition of Theorem ��� is ful�lled and we
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can �nd a factorization into r��� � v���v����� A possible factorization is

v��� �
p
���� � ��	����� 	�������

The next step is to compute a realization of the real rational function

v���

pA���
�

p
���� � ��	����� 	������

�� � 	�� � 
�� �
�

The following matrices yield a realization of this function� The algorithm to
compute such a realization is described in detail in ����

eA �

�� ����	� �	��	�� ��
���
������ ��
		� ���
	��
������ ���
		 �����


�A � eB �

�������	����	�����
����	��

�A �

eS �
�������� ���	��� ���
��� �

To compute the state space transformation back to the original system ma

trix� we follow the steps of Theorem ���� The last column of the transforma

tion matrix T is equal to eB� The second column computes to T� � � eA�	I� eB
and the �rst to T� � eAT��
 eB� These computations yield the transform ma

trix

T �

�������
�� ��
����� �����	���
�����
� �	������ �	�����
�������� 
��
�� ����	��

�A �

With this T we compute S� and furthermore the cost function matrix Q �
S�S �

Q �

�� �������� �������� �	�����
�������� ��	�
��� �������
�	����� ������� ������

�A �

�	�	� Finding a De�nite Q

Furthermore we want to compute a cost function matrix Q� which is positive
de�nite and still produces a solution to the LQ problem with the desired
eigenvalues� Assume that we have found such a matrix Q�� Then we know
from Theorem ��� that the di�erence Q� � Q��Q meets the equation ������
Theorem ��� then gives us a characterization of all matrices solving equation
������
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Conversely� if we �nd a hermitian matrix Q� that solves equation ����� and
such that Q� � Q�Q� is positive de�nite then Q� yields the same solution
to the pole placement problem�

We can parameterize all Q� meeting the condition of Theorem ��� in the
following way

Q��a� b� c� �

�� � a b

a �b c
b c �

�A �

Adding this to Q we have to �nd parameters a� b� c such that the sum is
positive de�nite� With some experimenting� one can �nd that a � ��� b �
��� c � �� yield a matrix with the desired properties� We get the cost
function matrix

Q� �

�� �������� �������� �������
�������� ��	�
��� �������
������� ������� ������

�A
which is positive de�nite and for which the closed loop system resulting from
solving the LQ problem has the desired eigenvalues ��� ��� i� �� � i�

��� Pole Placement for Multi Dimensional Input

The next example corresponds to the Algorithm ��	� It uses all three cases
for Step � and will also demonstrate that a di�erent choice of the order of
blocks can stop the algorithm�

The system � � �A�B� is given by the following controllable pair of matrices�

A �

�BBBB�
������� ���	��� ������� ������� 	�	���
����
� ������ �����	 	��
	
 �������
������ ������ ������ ������� �������
������� ���	��� �����
 ���	�� ������
������� ������� ������ �����
� ������

�CCCCA �

B �

�BBBB�
�����
� �����
 ���	���
������� ������ ��	���
������ ���	�� ������
�����
 ����	� �������
�����
� �����	� �������

�CCCCA �
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The system matrix A has the eigenvalues �� ���i� �� i� The set of complex
numbers is �j � f�� � i��� � i��	 � �i��	 � �i���g� The notation used
will be the same as in the de�nition of the algorithm�

Step �� Transform A to the Real Schur Form with an orthogonal transfor

mation K� which is computed such that the blocks on the diagonal of A
correspond to the eigenvalues or pairs of conjugate complex eigenvalue in the
order �� �� �i� �� i� The system matrices become

A �

�BBBB�
� ������ ���
�
� ������� ������
� ������ �����
� ������ �
�����
� �����		 ��

�� ������� �������
� � � ������ ����
�
� � � ������� ������

�CCCCA �

B �

�BBBB�
������ ������ ���	�	

� ������ ����	��
� ������� ����	
�
� � ������
� � �������

�CCCCA �

Step �� Set S � � and Q � �� where S� Q � R
��� � and set k � ��

Step �� We pick the last block of A and the corresponding rows of B�

A �

�
������ ����
�
������� ������

�
� B �

�
� � ������
� � �������

�
A has the eigenvalues �� i and we will assign ��� i to this block in the next
step�

Step �� Now we have to decide how to compute a stabilizing feedback matrix
S� Obviously B has rank � and so we use the not invertible case described
in Section ������ We set B� to

B� �

�
������
�������

�
�

Observe that BB
�
� B�B

�

� and therefore any solution forB� is also a solution
for B� Then we transform the system �A�B�� to control canonical form and

denote the new system matrices as eA and eB�
Finally we use Theorem ��� to compute a semide�nite eQ that shifts the
eigenvalues of eA to �� � ��� i� �� � ��� i� Corollary ��� states conditions



��� Pole Placement for Multi Dimensional Input ��

-4

-2

0

2

4

imaginary

-6 -4 -2 2 4 6

real

Figure �� Valid eigenvalues for one dimensional input

on the desired eigenvalues� In Figure �� the dotted area visualizes the set
of possible eigenvalues� Clearly� the pair of eigenvalues �� � i meets the
conditions�

Following the procedure described in Section 	��� we �nd the cost function
matrix

eQ �

�
�
� �	������

�	������ ��

�
�

We will also look for a positive de�nite eQ and use Theorem ��� and ��� to
�nd one� A suitable solution is

eQ� eQ �

�
� ��
�� �

�
�

�
�
� ��������

�������� ��

�
�
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Finally we compute the stabilizing feedback matrix eS �

eS �

�
�������� �

� ��

�
�

Transforming back to �A�B� and applying the �fth step of the algorithm
yields

S �

�BBBB�
� � � � �
� � � � �
� � � � �
� � � �
������ ���������
� � � ��������� ���
������

�CCCCA � Q �

�BBBB�
� � � � �
� � � � �
� � � � �
� � � ��
����� ��������
� � � �������� ���������

�CCCCA
and

A �

�BBBB�
� ������ ���
�
� 
��	�� ����	���
� ������ �����
� �������� ���������
� �����		 ��

�� �
�	��� ��������
� � � ��			� 
��	���
� � � ������� ����			�

�CCCCA �

Step �� Here we deviate from the algorithm a little� Instead of moving the
last block of A to position ��� ��� we exchange the two � � � blocks� This
may yield a di�erent outcome� but will also give a solution�

We transform A and B in such a way that the two � � � blocks on the
diagonal of A exchange their places and correspond to the following order of
the eigenvalues � ����� i� �� �i� This is accomplished with an orthogonal
transformation K�� Furthermore K � K�K� B � K�B� S � K�SK

�
� and

Q� K�QK
�
� are computed� This yields the following state space matrices �

A �

�BBBB�
� ������� �����
�� ���
���	� �
�	��	
� ���	
�
 ������
 ����
��� ��������
� ������� ����	
�
 �������	 ������
� � � ��	�
� ��
���
� � � ������	 ������

�CCCCA �

B �

�BBBB�
������� ������� ����	�	

� ����	
 ��
���
� ������ �������
� ������� ������	
� ������ �������

�CCCCA �
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Step �� We add the size of the last block to the index variable k and get
k � �� As we have not yet �nished we continue with the third step of the
algorithm� Again we pick the last block of A and the corresponding rows of
B�

A �

�
��	�
� ��
���
������	 ������

�
� B �

�
� ������� ������	
� ������ �������

�
A has the eigenvalues �� �i and we will assign �	� �i to this block in the
next step�

Step 	� We set eB to be the invertible � � � block of B and eA � A� If we
�nd a feedback matrix for the pair � eA� eB�� the same matrix is also a solution
for the pair �A�B��

Now eB is invertible� We try to �nd a matrix C such that the eigenvalues
of C are �	 � �i and it meets the two conditions of the invertible case� A
suitable C is

C �

� ���	 ������
�
��	�� �
�	

�
�

Furthermore the feedback matrix S and the cost function matrix Q compute
to

S �

�
��������
� �������
������� ���������	

�
� Q �

�
�
����
�� �������	�	
�������	�	 ��

����		

�
�

The �fth step of the algorithm yields

S �

�BBBB�
� � � � �
� 
����
� ������	� �������� �������	�
� ������	� ���
����� ��
��	��� ������
��
� �������� ��
��	��� �
�������
 ���
������
� �������	� ������
�� ���
������ 	������	�

�CCCCA �

Q �

�BBBB�
� � � � �
� ������� ������� ������� �������

� ������� �
���	�� �������� ���	�����
� ������� �������� ������	��� ������		��
� �������
 ���	����� ������		�� �	�	���

�

�CCCCA
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and

A �

�BBBB�
� ������� �����
�� ��������
 ��������
� ���	
�
 ������
 �������� 	���
��
� ������� ����	
�
 ���	����� ��������
� � � ���	 ������
� � � �
��	�� �
�	

�CCCCA �

Step 
� To move the last remaining unstable eigenvalue� we transform A and
B such that the ��� block is in the lower right corner of A� The blocks now
correspond to the following ordering of the eigenvalues � �	 � �i���� i� ��
Again an orthogonal transformation K� is used� Furthermore K � K�K�
B � K�B� S � K�SK

�
� and Q � K�QK

�
� are computed� This yields the

following state space matrices �

A �

�BBBB�
���	��� �������� ������� �����		

 ���������
������ �	����� �����
�� �������� ��
����	

� � ������� ������� �	�	���
� � ������ �	��	�� �	���
�
� � � � �

�CCCCA �

B �

�BBBB�
�����
 ������ ������
������ ����	�� ���	��
������� ������
 ����	

������� ������
 ������
����	� � �

�CCCCA �

Step �� Again we add the size of the last block to the index set k and get
k � 	� Again we continue with the third step of the algorithm� We pick the
last block of A and the corresponding rows of B�

A �
�
�
�
� B �

�
����	� � �

�
A has the eigenvalue � and we will assign �� to this block in the next step�

Step �
� This is the �� � case and very easy to compute� As the conditions
for the invertible case are met� we can directly compute the feedback matrix
S and cost function matrix Q�

S � �BB
�
����A� C� �

�� ����
������	

� �
����	�

Q � SBB
�
S � SA� A�S � �
����	�
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Applying �nally the �fth step of the algorithm yields

S �

�BBBB�
������ ������	 
�	��� ���	��� �����	
������	 ��
���	� ����	�� �������� ����	���

�	��� ����	�� �	������	 ���������
 ���
������
���	��� �������� ���������
 ���

����
 �	���	���
�����	 ����	��� ���
������ �	���	��� ��������


�CCCCA �

Q �

�BBBB�
�����	� �������� 
����� ����	�� ���	��
�������� �������� �����	��� �
�	����� �����	���

����� �����	��� ��
������� 	�������� ���
�����

����	�� �
�	����� 	�������� 
�������� �����	��	
���	�� �����	��� ���
�����
 �����	��	 ������
���

�CCCCA �

and

A �

�BBBB�
���	��� �������� ������� �����		

 ���������
������ �	����� �����
�� �������� �����
	�

� � ������� ������� ������

� � ������ �	��	�� �������
� � � � ��

�CCCCA �

Step ��� Adding the block size to the index variable yields k � � and the
algorithm stops� The matrix A now has the desired eigenvalues� To compute
the feedback matrix and the cost function matrix in the original state space�
we use the accumulated transformation K and follow the eighth step of the
algorithm�

�	�	� In�uence of the Order

If we would have computed the Real Schur Form in Step �� such that the
blocks on the diagonal of A would have corresponded to the ordering �� ��
i� � � �i of the eigenvalues� then the algorithm would have stopped� A
transformation producing this ordering yields the system matrices

A �

�BBBB�
� ���
�� ������ 
��	
� ������
� �����
 ������� �����		� ������

� ���
�� ��	�
� ������ ��		��
� � � ������ ���
	��
� � � ����	� ���
��

�CCCCA �
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B �

�BBBB�
������ ������ ���	�	

� ������� ���
���
� ������� ������
� ����
� �������
� ���	�� ���		�

�CCCCA �

We set

eA �

�
������ ���
	��
����	� ���
��

�
and eB �

�
����
� �������
���	�� ���		�

�
�

These matrices describe the system� whose eigenvalues we want to shift to
���i� But there is no matrix C meeting the two conditions for the invertible
case� Thus the algorithm stops� because there is no feedback matrix that
shifts the eigenvalues to the desired locations�
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